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DEFINITION
An expression which expresses a 
relation between an independent 
variable and successive values or 
Successive differences of  dependent 
variable is called a difference equation.



EXAMPLES




ORDER AND DEGREE




SOLUTION
 A solution of a difference equation is any 

function that satisfies it.
 The general solution of a difference 

equation of order n is a solution that 
contains n arbitrary constants or n 
arbitrary function which are periodic with 
period equal to the interval of differencing.



 The particular solution of a difference 
equation is a solution obtained by 
assigning particular values to the arbitrary 
constants or functions.
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LINEAR DIFFERENCE EQATION





CONTD….




APPLICATION
 Difference equation can be applicable in 

the following areas.
 Numerical methods to solve partial 

differential equation.
 Fourier series
 Algebra and Analysis



First Derivative Approximations
 Backward difference: (uj – uj-1) / Δx

 Forward difference: (uj+1 – uj) / Δx

 Centered difference: (uj+1 – uj-1) / 2Δx



Taylor Expansion
 u(x + Δx) = u(x) + u΄(x)Δx + 1/2 u˝(x)(Δx) 

+ 1/6 u˝΄(x)(Δx)  + O(Δx)

 u(x – Δx) = u(x) – u΄(x)Δx + 1/2 u˝(x)(Δx) 
- 1/6 u˝΄(x)(Δx)  + O(Δx)
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Taylor Expansion
u΄(x) = u(x) – u(x – Δx) + O(Δx)

Δx
u΄(x) = u(x + Δx) – u(x) + O(Δx)

Δx
u΄(x) = u(x + Δx) – u(x – Δx) + O(Δx)

2Δx
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Second Derivative Approximation
 Centered difference: (uj+1 – 2uj + uj-1) / (Δx) 

 Taylor Expansion
u˝(x) = u(x + Δx) – 2u(x) + u(x – Δx) + O(Δx)

(Δx)
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Function of Two Variables

u(jΔx, nΔt) ~ uj

 Backward difference for t and x

(jΔx, nΔt) ~ (uj – uj     ) / Δt

(jΔx, nΔt) ~ (uj – uj     ) / Δx
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Function of Two Variables

 Forward difference for t and x

(jΔx, nΔt) ~ (uj – uj   ) / Δt

(jΔx, nΔt) ~ (uj – uj   ) / Δx
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Function of Two Variables

 Centered difference for t and x

(jΔx, nΔt) ~ (uj – uj     ) / (2Δt)

(jΔx, nΔt) ~ (uj – uj     ) / (2Δx)
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Partial Differential 
Equations

 Partial Differential Equations (PDEs).
 What is a PDE?
 Examples of Important PDEs.
 Classification of PDEs.



Partial Differential Equations
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A partial differential equation (PDE) is an 
equation that involves an unknown function 
and its partial derivatives. 



Notation
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Examples of PDEs
PDEs are used to model many systems in 
many different fields of science and 
engineering. 

Important Examples:
 Laplace Equation
 Heat Equation
 Wave Equation



Laplace Equation

Used to describe the steady state distribution of 
heat in a body.

Also used to describe the steady state 
distribution of electrical charge in a body.
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Heat Equation
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The function u(x,y,z,t) is used to represent 
the temperature at time t in a physical body 
at a point  with coordinates (x,y,z)

α is the thermal diffusivity. It is sufficient to 
consider the case α = 1.



Simpler Heat Equation
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T(x,t) is used to represent the temperature 
at time t at  the  point x of the thin rod.
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Wave Equation
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The function u(x,y,z,t) is used to represent the 
displacement at time t of a particle whose 
position at rest is (x,y,z) .

The constant c represents the propagation 
speed of the wave.



Classification of PDEs
Linear Second order PDEs are important 
sets of equations that are used to model 
many systems in many different fields of 
science and engineering.

Classification is important because: 
 Each category relates to specific engineering 

problems.
 Different approaches are used to solve these 

categories.



Linear Second Order PDEs
Classification
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Linear Second Order PDE
Examples (Classification)
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Linear Second Order PDE
Examples (Classification)

Hyperbolicis
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Boundary Conditions for PDEs
 To uniquely specify a solution to the PDE, 

a set of boundary conditions are needed.
 Both regular and irregular boundaries are 

possible.

)sin()0,(
0),1(
0),0(

0),(),(:EquationHeat 2

2

xxu
tu
tu

t
txu

x
txu

π

α

=
=
=

=
∂

∂
−

∂
∂

region of 
interest

x1

t



The Solution Methods for PDEs
 Analytic solutions are possible for simple 

and special (idealized) cases only.

 To make use of the nature of the 
equations, different methods are used to 
solve different classes of PDEs.

 The methods discussed here are based 
on the finite difference technique.



Parabolic Equations
 Parabolic Equations
 Heat Conduction 
Equation
 Explicit Method
 Implicit Method
 Cranks Nicolson Method



Parabolic Equations
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Parabolic Problems

solution.a specify uniquely   toneeded are conditionsBoundary *
)04(    problem lic    Parabo*
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Finite Difference Methods

t

x

 Divide the interval x into sub-intervals, 
each of width h

 Divide the interval t into sub-intervals, 
each of width k

 A grid of points is used for
the finite difference solution

 Ti,j represents T(xi, tj)
 Replace the derivates by

finite-difference formulas



Finite Difference Methods
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Solution of the Heat Equation
• Two solutions to the Parabolic Equation 

(Heat Equation) will be presented:

1. Explicit Method:

Simple, Stability Problems.

2. Crank-Nicolson Method:

Involves the solution of a Tridiagonal 
system of equations, Stable. 



Explicit Method
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Explicit Method
How Do We Compute?

means
thxTtxTthxTktxT ),(),()21(),(),( ++−+−=+ λλλ

T(x-h,t)                            T(x,t)                             
T(x+h,t)  

T(x,t+k)



Convergence and Stability
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Example 1
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Example 1
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Crank-Nicolson Method
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Crank-Nicolson Method
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Crank-Nicolson Method
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Crank-Nicolson Method
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Crank-Nicolson Method
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Crank-Nicolson Method
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Crank-Nicolson Method
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Example 2
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Example 2
Crank-Nicolson Method
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Example 2
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Example 2
Solution of Row 1 at t1=0.25 sec
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Example 2: 
Second Row at t2=0.5 sec
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Example 2
Solution of Row 2 at t2=0.5 sec
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Example 2
Solution of Row 3 at t3=0.75 sec
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Example 2
Solution of Row 4 at t4=1 sec
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