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Formation of Partial Differential Equations
In practice, there are two methods to form a partial differential equation.
(i) By the elimination of arbitrary constants.

(i1) By the elimination of arbitrary functions.

(i) Formation of Partial Differential Equations by the elimination of arbitrary
constants method:

*  Let f(x,y,z,a,b)=0 be an equation containing 2 arbitrary constants "a" and "b".




* To eliminate 2 constants we require at least 3 equations hence we partially
differentiate the above equation with respect to (w.r.t) ‘x’ and w.r.t °y’ to obtain 2
more equations.

* From the three equations we can eliminate the constants "a" and "b".

NOTE 1: If the number of arbitrary constants to be eliminated is equal to the
number independent variables, elimination of constants gives a first order partial
differential equation. But if the number of arbitrary constants to be eliminated is
greater than the number  of independent variables, then elimination of constants
gives a second or higher order partial differential equation.

NOTE 2: In this chapter we use the following notations:

p = 8z/6X, q=0z/0y, 1=02/0%°, s = 6°2/(8x0Y), t = 0%z/0y?

METHOD TO SOLVE PROBLEMS:

Step 1: Differentiate the given question first w.r.t ‘x” and then w.r.t ‘y’.
Step 2: We know p = 0z/0x and q = 0z/0y.

Step 3: Now find out a and b values in terms of p and g.

Step 4: Substitute these values in the given equation.

Step 5: Hence the final equation is in terms of p and g and free of arbitrary constants "a" and "b"
which is the required partial differential equation.

(i1) Formation of Partial Differential Equations by the elimination of arbitrary
functions method:

* Here it is the arbitrary function that gets eliminated instead of the arbitrary constants "a" and
"b".

NOTE: The elimination of 1 arbitrary function from a given partial differential
equation gives a first order partial differential equation while the elimination of
the 2 arbitrary functions from a given relation gives second or higher order partial

differential equations.



METHOD TO SOLVE PROBLEMS:

Step 1: Differentiate the given question first w.r.t ‘x’ and then w.r.t ‘y’.
Step 2: We know p = 0z/0x and q = 0z/0y.

Step 3: Now find out the value of the differentiated function (f ) from both the equations
separately. [(f*”) =?]

Step 4: Equate the other side of the differentiated function (f ) which is in terms of p in one
equation and q in other.

Step 5: Hence the final equation is in terms of p and g and free of the arbitrary function which is
the required p.d.e.

* Incase there are 2 arbitrary functions involved, then do single differentiation i.e. p = 0z/0x, q =
0z/0y, then also do double differentiation i.e. p = 822 /0 x21 { = 822 /0 y2 and then eliminate

(f*) and (f"* ) from these equations.

Worked out Examples

Elimination of arbitrary constants:

Ex 1:
Formthep.d.e from the following equation z = ax? + by?

Solution : Dif ferentiating partiallyw.r.t x and y,we get

= 2ax,z, = 2by or a = 2% and b = =~
Z, = ax,Zy— yora—zx an _Zy

Eliminating the two arbitrary constants a and b

Zx o2 | Ly 2
_X —
2x T 2yy



or 2z = xz, + yz,, which is the required p.d.e.

Elimination of arbitrary functions:

Ex 2: , . y
Formthe p.d.e fromthe following equation z = x"f (;)

solution: By dif ferentiation,z, = nx""1.f + x" (;_g’) f

1. . . Zy
zy—;x f or f = o1
Eliminating f', z,=nx""1.f—x" 2y L
gf, z,= : e
z z
orz, =nx"1— —xv2y 2
n xn—l
nz yz,
orz,=—-——>
X X

or xp =nz—yq whichis the requiredp.d.e.

Partial Differential Equations of First Order

The general form of first order p.d.e is F(X, y,z,p,q)=0 .... (1) where X,y are the

independent variables and z is dependent variable .

Types of Solution of first order partial differential equations

Complete Solution

Any function f(x,y,z,a,b)=0 ........ (2) involving arbitrary constants a and b satisfying

p.d.e (1) is known as complete solution or complete integral of (1).

General Solution




Any function F (u,v)=0.......(3) satisfying p.d.e (1) is known as general solution or of (1).

Linear partial differential equations of First Order

Larange’s Linear Equation

The equation of the form Pp+Qqg=R......(1) where P,Q,R are functions of x,y,z is called
Lagrange’s partial differential equation. Any function F(u,v)=0 .....(2) where u=u(x,y,z)

and v=v(x,y,z) satisfying (1) is the general solution .

Methods of obtaining General Solution

Step 1: Rewrite the equation in standard form Pp + Qq

=R
' . . dx dy
Step 2: Form the Lagrange s auxillary equation(A.E) 7= 6
_dz 3)
- R IR

u
Step 3: u(x.y,z) =c; and v(x.y,z) =c, where >

# constant are the complete
solutions of equations (3)
To find u and v we follow the cases given below
Case 1: One of the variables is either absent or cancells out from the
set of auxillary equations.
Case 2:If u = ¢, is known but v = c, is not possible by casel ,then
useu = cq to getv = c,.
Case 3: Introducing Lagrange's multipliers Py Q,, Ry which

are functions of x,y,z or constants ,each fraction in (3)is equal to



P1dx+Q1dy+Rq dz
P{P+Q1Q+R1R

...... (4).1If P1Q4,R, are so chosen that PP + Q:Q + R4R =0,

then Pidx + Q1dy + R;dz = 0 which can be integrated.
Case 4: Multipliers maybe so chosen that P,dx + Q,dy + R, dz is an exact
dif ferential of PP + Q.Q +
R{R.Now combine (4) with a fraction of (3) to get an integral.
Step 4: General solutionof (1) is F(u,v) = 0.

Worked Out Examples

Ex 1:Solve the equation xp + yq = 3z
Solution:This is a linear p.d.e of first order Pp + Qq = R.Here
P=x,Q =y,R=23z.The Lagrange's auxillary equations are

dx dy dz
x 'y 3z

dx d x
Integrating the first two equations P 7}] ,wegetinx =Iny+ cq or ; =c

d dz
Integrating the last two equations 7}’ =37 ,we have3Ilny =1Inz +c,
3
or Y - k.
z

x V3
Thus the required solution is F <;y7> =0

Ex 2:Solve the equationp —q = In(x+y)

Solution: This is a linear p.d. e of first order Pp + Qq = R.Its auxillary

dx dy  dz

equations are 1 -1 m

Integrating the first two fractions we get x+y = ¢4,



From the first and last fraction ,we have Inc, dx
=dz

Integrating we get xlncy —z = cy or xIln(x +y) — z = c,.
Thus the required solutionis F(x + y,xIn(x + y) —z) = 0.
Ex 3:Solve the equation (z—y)p+ (x—z)q=y —Xx
Solution:This is a linear p.d. e of first order Pp + Qq = R.Its auxillary

dx dy dz
Z—-y x—-zZ y-—X

equations are

dx +dy+dz
z—y+x—z+y—x

Chosing multipliers as 1,1,1 we have each fraction is

_dx+dy+dz
- 0

.Thusdx + dy + dz = 0.Integrating we getx+y+z = ¢,

xdx+ydy+zdz
XZ—xy+yx—yz+zy—zx

Again Chosing multipliers as x,y,zwe have each fraction is

_xdx+ydy+zdz
B 0

.Thusxdx+ydy+zdz=0.

Integrating we get x> + y* + z2 = ¢,

Thus the required solutionis F(x +y +z,x* + y* +z*) = 0.

NON LINEAR P.D.Es OF FIRST ORDER

Form1: f(p,q) =0
Assume thatp = athen f(a,q) =0
solving q = ¢(a),we havedz = pdx + qdy = adx + @(a) dy
integrating we get z = ax + §(a)y + ¢
which is the required solution

Ex: Solvep®—q®>=0



Solution : The equation is of the form f(a,q) = 0
Putting p = awe have a® — q® = 0 or q = a.Thus the solution is
z=ax+ay+c
Form?2: f(z,p,q) =0
Assume that q = ap, substituting equation it in the equation
we have f(z,p,ap) = 0.Thenp = @(z).Nowdz = pdx + qdy

or dz=pdx+apdy=p(dx+ady)

dz , _ 4z
or o 5= (dx + ady),Integrating we get x + ay = f(b(z) +c

Ex: Solve p*z* + q*> = p?q
Solution : The equation is of the form f(z,p,q) =0

Substituting q = ap in the equation we get p*z* + a*p? = p*ap

(2% + a?) L adz
or p = —— .Hence the solutionis x+ay= | ———-+¢
a (z% + a?)
=tan1Z+¢
a

Form3: f(x,p) = g(y.q)
Assuming f(x,p) = g(y,q) = a we have p = 0(x,a) and
q=¢(,a). Nowdz=pdx+qdy = 0(x,a)dx + ¢(y,a) dy

Integrating we get z = J ?(x,a) dx + f o(y,a)dy +c

Ex: Solveyp+xp+pq=0

Solution : The equation is of the form (x+ p)q = —yp

x+ — x —
pp=7y=a.Thenp:a_1andq=7y

or

X -y
Nowdz=pdx+qdy=mdx+(7)dy

10



' Y N a
Integrating we get Z_fa—l x+f(7) y+c

which is the required solution.
Form3:z=px+qy+ f(p,q)
The complete solution of this equation is
z=ax+ by+ f(a,b) byputtingp =a
and q = b.
Ex: Solvez =px + qy + Inpq
Solution : The complete solution of this equation is

z =ax + by + Iln ab.

Charpit's Method

Consider the non — linear partial dif ferential equation f(x,y,z,p,q) = 0.

To solve this equation , at first we solve Charpit's auxillary equations

dp dq dx dy dz f d
= = = = orpandq
fx+pfz fy+qu _pfp_qfq _fp _fq

Thenwe solvedz = pdx + q dy to get the complete solution.
Ex : Find the complete integral of 16 p*z* + 9q*z*> + 42> —4=0....(1)
Sol™: Charpit's auxillary equations are

dp dq dx dy dz

fx+pfz:fy+qu:_pfp_qfq:_fp__fq

11



dp _ dq _ dx
r —p(32p2%z+18q2z + 8z) q(32p%z +18q2%z+8z) —p(32pz2) — q(18qz2)
_dy  dz
- —32pz2  —18qz?

o

1 1
Taking the first and second fractions, (;) dp = <a> dq sothat p=aq....(2)

1
. 2(1-2%)2
Solving (1)and(2)for p and q,we have q = —— 5 and
z(16a? + 9)2
1 1
2a(1 — z%)2 2(1 - 2z%)2
p= ———7 .Hencedz=pdx+qdy =———(adx + dy).
z(16a? + 9)2 z(16a? + 9)2

1
z(16a? + 9)2

r 1
2(1 —z2)2

dz = adx + dy .Integrating we get

1 1
(16a% + 9)2(1 — z%)2 + 2(ax + y) = b which is the complete integral of (1).

Homogenous partial differential Equations with constant coefficients

ny an—l n
General Form: A, Fp + A, ax"Tay +.-4+A4

z_ f(x,y)..(1)where

n ayn
Ag,Aq ... ... A,are constants .This equation can be rewritten as

(ApD™ + A;D™ D’ +---+ A,DD'"™)z = f(x,y) ...(2)

- : a 9
i,eF(D,D")z = f(x,y) ...(3)whereD_a,D =3 and

F(D,D") = (AyD™ + A, D™D’ + .-+ A,DD'™)

Solution of Homogenous partial differential Equations

with constant coefficients

The complete solution of eq"(1)is z = z. + z, where z_is called the

12



complementary function(C. F) which is the solution of F(D,D)z = 0...(4)

and z, is the particular integral(P.I)which is the solution of

F(D,D)z = f(x,y).

Working Rules to find the complementary function
Consider the equation F(D,D')z = 0.Its auxillay eq™ is F(D,D") = 0.
Putting D = mand D' = 1 we have the auxillay eq™ is F(m) =0 .....(5)
Solving (5) we have = my,my, ... ... ... m, which are the roots of (5).
Now the following cases arise.
Case 1:If all the roots are distinct then
Z. = 01(y + myx) + 0,(y + myx) + -+ + 0,(y + m,x) where
@4, D3, ... 0, are arbitrary functions .
Case 2:If all the roots are equal say then
Z. = 01(y + mx) + x@0,(y + mx) + - + x"0,(y + mx)

Case 3:If k roots are equal say m
= m'and others are distinct then

z. = O1(y + m'x) + X0, (y + m'x) + - + x*@y (y + m'x) + By (¥ + my1%) + -

+ 0,(y + mx).

Ex 1:Solve (D? — 2DD' — 15D'*)z = 0
Solution: Putting D = mand D' = 1 in the given equation we have its

auxillary equation is m? —2m—15=0.Itsrootsarem = 5,—3

13



Thus the solution of the equationisz. = 91(y + 5x) + 0,(y — 3x) .
Ex 2: Solve (D3 + 3D?D’' —4D'*)z = 0
Solution: Putting D = mand D' = 1 in the given equation we have its
auxillary equation is (m3 + 3m? — 4) = 0.Solvingm =1,-2,-2

Thus the solution of the equation is z. = 91(y + x) + 0,(y — 2x) + x03(y — 2x).

Working Rules to find the Particular Integral.

. , , 1
Consider the equation F(D,D")z = f(x,y).ThenZ, = F(D—,D’)f(x' y).
Case 1:If f(x,y) = e thenz, = Le"”b" orzZ, = —— ey
’ P F(D,D) P F(a,b)
provided F(a,b) # 0.
a r
If F(a,b) = 0,then F(D,D") = (D - ED’) g(D,D")so that g(a,b) # 0.
1 x"
— ~_ pax+by
Then z, 9@ D) 7] e

Case 2: If f(x,y) = sin(ax + by)or cos (ax + by)

1

the F(—a?, —ab,—b?)

sin(ax + by) = sin(ax + by)

n
F(D%,DD',D'?)
provided F(—a?, —ab,—b*) # 0

Case 3: If f(x,y) = x™y"where m and n are positive constants.

thenz, = myn — F(D,D') " 1x™y"

F(D, D)~

D
(@If n<m, is expanded in powers of D

F(D,D")

14



D
(@)If m <n, is expanded in powers of Tk

1
F(D,D")
Case 4: If f(x,y) = eV (x,y)

eax+byv(x, y) — eax+by

(x,y)

thenz, = - 14
P F(D +a,D +b)

1
F(D,D)

Worked Out Examples

12 12
Ex 1:Solve (D* + 5DD + 6D ")z = e*7.
Solution:A.Eis (m? + 5m + 6) = 0.Its roots arem = —3,—2

then z. = 01(y — 3x) + 0,(y — 2x).

1 1

Zp = e =3 e*”
(p? + 5DD" + 6D) (1*+5.1.(-1) + 6.(-1)?)

Then the general solutionisz =z =1z.+z,

1
=0,(y —3x) + 0,(y — 2x) + Eex_y.

' 12
Ex 2:Solve (4D* + 12DD' + 9D )z = 3%,

3 3
Solution: A.Eis (4m? + 12m +9) = 0.Its roots are m = %73
3 3
then z. = 0, (y - EX) + x@, (y — Ex).
7. = 1 e3x—2y — 1
p 2 ’ 12 3 2
(4D? + 12DD" + 9D") 4 lD 3 (_ _) D'J
2
:lx_ZeSx—Zy
4 2!

15



Zp=

Then the general solutionisz =z =1z.+ z,

3 3 1x% |
=0, (y—5%) +0 (v —5x) + g3y

r IZ
Ex 3:Solve (D? —2DD' + D)z = sin (x + 2y)
Solution:A.Eis (m* —2m+1) = 0.Itsrootsarem = 1,1

then z. = 01(y + x) + x0,(y + x).

1 1

(p? - 20D + D)

sin (x + 2y) = 7 2Dz D sin (x + 2y)

= —sin(x+ 2y)
Then the general solutionisz=z=1.+1z,
= 01(y+x)+x0,(y +x) —sin(x+ 2y).
Ex 4:Solve (2D? — 5DD' + 2D'*)z = 5sin (2x + )

1

Solution: A.Eis (2m?> —5m+ 2) = 0.Itsroots arem = 2,5

1
then z. = 04(y + 2x) + x0, (y + Ex)

1
Z., =
P~ (2p2 - 5DD’ +2D'%)

5sin (2x + y)

5
_E( 1

5sin (2x+y) as F(—a? —ab,—b?*) =0
D-— iD') (D — 2D)

f —2b—1
ora=2, =3

5
N Zy = in (2 .
ow Zp 2D D) (D —2D) sin 2x +y)
Now letu = — '(2+)—5f‘(2 +C_x)d
oweu—(ZD_D,)sm x+y) = sin (2x X

16



_5f . (3X+C)d _52 (3x+c> 10 (2x +)
= sin > x = 3 cos > = 3cos x+y

Hence 7, = = (z+)—_1°f d
ence p_3(D—2D’)COS xty)=——|coscdx
—10x —10x
=—5 cosc= cos 2x+y)

Then the general solutionisz=1z=17.+z,

1 —10x
= 01(y + 2x) + X0, (y + EX) +—3—cos (2x+y).

1
D—mp *Y)

= j f(x,c —mx)dx ,thenin the result cis substituted back by

N:B — For the above example we apply the formula

y + mx.

2
Ex 5:Solve (D? - D)z = x%y?
Solution:A.E is (m? — 1) = 0.Its roots are m = +1.So

Z. = 01(y + x) + x0,(y — x).

1
Now Zp =

1 p'* p* 1 1 x* 1
D2< pz "prt ) Y = pz < Y =X )=12"" 180"

Then the general solutionisz=z =1z, +z,

= B1(y + ) + x05( )+x4 Lo
=y TX) T XV2(y — X y? 180~

17



Ex 6:Solve (D*> - DD - ZD'Z)Z =(y—1)e*
Solution: A.Eis (m>-m—-2)=0orm= —1,2

Thenz, = 0,(y — X) + @,(y + 2x)

N ! ( 1e*
owz, = -
?  (p?-DD' -2D?) Y
ex
= -1
(D+1)2 - (D+1)D' —2D"? =1
1
=e* , , ~-D
1+<D2+2D—DD —D —2D )

pe [1 - ((DZ +2D—-DD —D — ZD'Z>>] y—1)

=e*(y—1+1) =ye*.
Then the general solutionisz =1z = z. + z,

= 041(y — x) + 02(y + 2x) + ye~*.

Cauchy type Dif ferential Equation

The Partial dif ferential Equation of the form

F(xD,yD")z
= f(x,y) is Cauchy type dif ferential equation.This equation

can be transformed to the equations with constant coef ficients by putting

u=Inxandv =Iny so that xD = D, and x*D?> = D,(D,, — 1)and so on.

Simillarly yD' = D,, y*D'* = D,,(D,, — 1)and so on.Here D,, = —,D,

u

=35 The transformed equation in u and v can be solved by previous methods

18



Then in the solution we substitute backu =Inxandv =1ny

to get original solution.

MONGE'S METHOD

In this section we shall solve the equation of the form Rr + Ss + Tt
=V ..(1)by Monge's Method. Let us assume that an

intermediate integral of the equation (1) exists and it is of the Form

u = f()..(2).For any function z of x and y we have

dp=Pax+Pay = rdx+sdy.. 3
p=g,dxty dy=rdxtsdy..

dg =294 +2%0y — sdx+ tdy .. (@
q=5 dx 3y y=sdx y ..

dz=ax + 2 4y = pdx+qdy.. (s

2= x Pty dy=rdx+q y...(5)

o _dp—sdy dt= dq —sdx
givingr = —— and t = &

Substituting values of r and t in equation (1), we have

dp—sd dg — s dx
RPN g By
dx dy

or Rdpdy — Rsdy* + Ssdxdy + Tdqdx —Tsdx* =Vdxdy or
(Rdpdy + Tdqdx — Vdxdy)—s(Rdy* — Sdxdy + T dx*)=0...(6).

Any relation between x,y and z that satisfies (6) must necessarily

19



satisfy the equations (Rdpdy + Tdqdx— Vdxdy) =0...(7)
and (Rdy?* — Sdxdy + T dx*) =0...(8)
The equations (7)and (8)are known as Monge's subsidiary equations
of equation(1).Therefore the complete solution of equation(1) also
satisfies (7)and(8)and vice — versa. Now let us proceed to obtain
solutions ofequations(7)and(8).In general equation (8)can be resolved

into two equations dy —m; dx = 0 and dy — m,dx
= 0.There now

arises two cases.

Case 1:1f m;and myare distinct,thendy — m, dx
= 0and

equation (7),if necessary by use of (5)leads to two integrals of the type
u; = aandvy; = b.These give an intermediate integral of the type
Uy = f(wy) ...(9).Simillarly dy — m,dx = 0 and equation (7) lead to
another intermediate integral of the type u, = f(v, ) ...(10).
Values of p and q in general can be determined in terms of x,y and z
which when substituted in equation(5)and integrated gives the complete
integral of equation (1).
Case 2:1f my = m, then equation (8)is a perfect square,we get
only one intermediate integral containing p,q and x,y,z of the
form Pp + Qq = R.The solution can now be obtained by forming

Lagrange's subsidiary equations.

20



Ex 1:Solver —t = 0.

Solution: The equation is of the form Rr +Ss+Tt=1V.
whereR=1,S=0,T = —1,V = 0. Monge's subsidiary equations
are dpdy —dqdx =0 .. (i)and
dy? —dx* =0 ... (ii)

Eq"(ii)gives (dy + dx)(dy — dx) = 0 whose solutions are
x+y=aand x—y = b,where a,b are arbitrary constants.
Takingx+y =a i,edx = —dy we have (i)gives dp + dq = 0 which
on integration givesp + q = c¢,.Again taking x —y = b,i,edx = dy
we have (i) gives dp — dq = 0 which on integration givesp — q = c, .
Hence the two intermediate integralsarep + q = f1(x + y)and

Pp—q=f(x—y).Solving for p and q ,we obtain

1 1
p=§f1(x+y)+§fz(x—y)

1 1
q=5f1x+y) —sf2(x—y).
2 2
Substituting these values indz = p dx + q dy,we get
1 1
dz = Efl(x +y)dx+y)+ EfZ(x —y)d(x — y) which on

integration yields z
=@0,(x+y)+ 0,(x +y) which is the required sol™.

Ex 2:Solverq —sp = 0.
Solution: The equationis of the formRr +Ss+ Tt =1V.

whereR =q,S = —p,T = 0,V = 0. Monge's subsidiary equations
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are qdpdy =0 ...(i)and
qdy* + pdx dy = 0 ... (ii)
Eq"(ii)givespdx+qdy =0
Butdz=pdx+qdy = 0orz= const.Again (i)givesdp = 0

orp = const. ..p = f,(z)is one intermediate integral.

But p
= f, (2) is linear of first order.By Lagrange'smethod, we have

dx dy dz

1 0 f1(2

~dy=0o0ry=c,
ddx = -2 Integrating f,(z) +
and dx = .Integratin z)+cy; =x.
f1 (Z) g gdJ2 2

Hence the general solutionisx — f,(z) = —g(y)orz= f{x+ g(y)}.

Partial Differential Equations

In this chapter we are going to take a very brief look at one of the more common
methods for solving simple partial differential equations.

The Heat Equation

The first partial differential equation that we’ll be looking at once we get started with solving
will be the heat equation, which governs the temperature distribution in an object. We are going
to give several forms of the heat equation for reference purposes, but we will only be really
solving one of them.

We will start out by considering the temperature in a 1-D bar of length L. What this means is

that we are going to assume that the bar starts off at x =0 and ends when we reach x = 7. We
are also going to so assume that at any location, x the temperature will be constant an every point
in the cross section at that x. In other words, temperature will only vary in x and we can hence
consider the bar to be a 1-D bar. Note that with this assumption the actual shape of the cross
section (i.e. circular, rectangular, etc.) doesn’t matter.
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Note that the 1-D assumption is actually not all that bad of an assumption as it might seem at
first glance. If we assume that the lateral surface of the bar is perfectly insulated (i.e. no heat can
flow through the lateral surface) then the only way heat can enter or leave the bar as at either
end. This means that heat can only flow from left to right or right to left and thus creating a 1-D
temperature distribution.

The assumption of the lateral surfaces being perfectly insulated is of course impossible, but it is
possible to put enough insulation on the lateral surfaces that there will be very little heat flow
through them and so, at least for a time, we can consider the lateral surfaces to be perfectly
insulated.

Let’s now get some definitions out of the way before we write down the first form of the heat
equation.

u(x,t) = Temperature at any point x and any time ¢
c(x) = Specific Heat

p(x = Mass Dengity

u;v(x,t) = Heat Flux

Q (x,t) = Heat energy generated per unit volume per unit time

The mass densityfﬁ"[f’f]', is the mass per unit volume of the material. As with the specific heat
we’re going to initially assume that the mass density may not be uniform throughout the bar.

The heat flux, ‘3'*‘[ x:fj', is the amount of thermal energy that flows to the right per unit surface
area per unit time. The “flows to the right” bit simply tells us that if @{%.2) > 0 for some x and t

then the heat is flowing to the right at that point and time. Likewise if ‘?'*‘(x:f:' <0 then the heat
will be flowing to the left at that point and time.

The final quantity we defined above is & (%) and this is used to represent any external sources
or sinks (i.e. heat energy taken out of the system) of heat energy. If & (U;‘ >0 then heat energy

is being added to the system at that location and time and if & (%) <0 then heat energy is being
removed from the system at that location and time.

With these quantities the heat equation is,
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clx X)—=——+0x1{ 1)
() p(x) 5 =-2Er0(xr)
While this is a nice form of the heat equation it is not actually something we can solve. In this

form there are two unknown functions, u and ¢, and so we need to get rid of one of them. With
Fourier’s law we can easily remove the heat flux from this equation.

Fourier’s law states that,

plx1) =Ky (x) 2

where Ko (x) >0 js the thermal conductivity of the material and measures the ability of a given

material to conduct heat. The better a material can conduct heat the larger Ko (x) will be.
As noted the thermal conductivity can vary with the location in the bar. Also, much like the
specific heat the thermal conductivity can vary with temperature, but we will assume that the
total temperature change is not so great that this will be an issue and so we will assume for the
purposes here that the thermal conductivity will not vary with temperature.

Fourier’s law does a very good job of modeling what we know to be true about heat flow. First,

ke
: : . . —=10 .
we know that if the temperature in a region is constant, i.e. 8x , then there is no heat flow.

Next, we know that if there is a temperature difference in a region we know the heat will flow
from the hot portion to the cold portion of the region. For example, if it is hotter to the right then
we know that the heat should flow to the left. When it is hotter to the right then we also know

ke
— =0 . .
that &x (i.e. the temperature increases as we move to the right) and so we’ll have @ <0 and so
U < 0
the heat will flow to the left as it should. Likewise, if 9x (i.e. it is hotter to the left) then

we’ll have ¢ =0 and heat will flow to the right as it should.

£hi
Finally, the greater the temperature difference in a region (i.e. the larger ER is) then the greater
the heat flow.

So, if we plug Fourier’s law into (1), we get the following form of the heat equation,

c[xjp[x:l%=%(ﬁfn[xj%]+@l[x,zj @)
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Note that we factored the minus sign out of the derivative to cancel against the minus sign that
was already there. We cannot however, factor the thermal conductivity out of the derivative
since it is a function of x and the derivative is with respect to x.

Solving (2) is quite difficult due to the non uniform nature of the thermal properties and the
mass density. So, let’s now assume that these properties are all constant, i.e.,

where ¢, © and £ are now all fixed quantities. In this case we generally say that the material in
the bar is uniform. Under these assumptions the heat equation becomes,

cp%:KD%+Q[x,é) @)

For a final simplification to the heat equation let’s divide both sides by € £ £ and define the
thermal diffusivity to be,

k=t
ce
The heat equation is then,

&_ o, Ol @)

ot & o

To most people this is what they mean when they talk about the heat equation and in fact it will
be the equation that we’ll be solving. Well, actually we’ll be solving (4) with no external

sources, i.e. € (Jﬁ f:' = ':', but we’ll be considering this form when we start discussing separation
of variables in a couple of sections. We’ll only drop the sources term when we actually start
solving the heat equation.

Now that we’ve got the 1-D heat equation taken care of we need to move into the initial and
boundary conditions we’ll also need in order to solve the problem. .

The initial condition that we’ll use here is,

ul{x,[])l :f(x)

and we don’t really need to say much about it here other than to note that this just tells us what
the initial temperature distribution in the bar is.
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The boundary conditions will tell us something about what the temperature and/or heat flow is
doing at the boundaries of the bar. There are four of them that are fairly common boundary
conditions.

The first type of boundary conditions that we can have would be the prescribed temperature
boundary conditions, also called Dirichlet conditions. The prescribed temperature boundary
conditions are,

”(D=5)=gl(f) ”(L=3)=gz ':fj'

The next type of boundary conditions are prescribed heat flux, also called Neumann
conditions. Using Fourier’s law these can be written as,

~5,(0) 2 (0.0) = A (2) - (D)L= 0 ()

If either of the boundaries are perfectly insulated, i.e. there is no heat flow out of them then
these boundary conditions reduce to,

ke (57,
— (0 =0 — [ LE1=0
Bx[’:] Bx[)

and note that we will often just call these particular boundary conditions insulated boundaries
and drop the “perfectly” part.

The third type of boundary conditions use Newton’s law of cooling and are sometimes called
Robins conditions. These are usually used when the bar is in a moving fluid and note we can
consider air to be a fluid for this purpose.

Here are the equations for this kind of boundary condition.

&0 Z0)=-H[u0)-2)] KD

(£.8) = H[u(Le) g, )]

where H is a positive quantity that is experimentally determined and &1 (f) and &z (f) give the
temperature of the surrounding fluid at the respective boundaries.

Note that the two conditions do vary slightly depending on which boundary we are at. At
x=0 x =0 we have a minus sign on the right side while we don’t at x = L. To see why

this is let’s first assume that at x =0 we have ¥ L0.£) = g1(£]. In other words the bar is hotter

26



than the surrounding fluid and so at x =10 the heat flow (as given by the left side of the equation)
must be to the left, or negative since the heat will flow from the hotter bar into the cooler
surrounding liquid. If the heat flow is negative then we need to have a minus sign on the right
side of the equation to make sure that it has the proper sign.

If the bar is cooler than the surrounding fluid at x =0, i.e. ¥ ':'15:' ~ & (f:' we can make a similar
argument to justify the minus sign. We’ll leave it to you to verify this.

If we now look at the other end, x = L, and again assume that the bar is hotter than the

surrounding fluid or, 1l L.£) > 2 (). In this case the heat flow must be to the right, or be
positive, and so in this case we can’t have a minus sign. Finally, we’ll again leave it to you to

verify that we can’t have the minus sign at x = . is the bar is cooler than the surrounding fluid as
well.

The final type of boundary conditions that we’ll need here are periodic boundary conditions.
Periodic boundary conditions are,

w(~L&) =u(L.{) M ray=H(L

ox ox

Note that for these kinds of boundary conditions the left boundary tends to be x =-71 instead of

x =0 as we were using in the previous types of boundary conditions. The periodic
boundary conditions will arise very naturally from a couple of particular geometries that we’ll be
looking at down the road.

We will now close out this section with a quick look at the 2-D and 3-D version of the heat
equation. However, before we jump into that we need to introduce a little bit of notation first.

The del operator is defined to be,

v=27427 v=2re 254 2k
dx & v &

depending on whether we are in 2 or 3 dimensions. Think of the del operator as a function that
takes functions as arguments (instead of numbers as we’re used to). Whatever function we

“plug” into the operator gets put into the partial derivatives.

So, for example in 3-D we would have,
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vi=2 i+ 2 e
T w T

This of course is also the gradient of the function J (LJ’:Z:‘.

The del operator also allows us to quickly write down the divergence of a function. So, again
using 3-D as an example the divergence of (%.7.2) can be written as the dot product of the del
operator and the function. Or,

¥ ¥y

K il vl

Finally, we will also see the following show up in the our work,

74(7) i[i}i[@f}i[i]_ #r 3 &

Tl ) Zlak) et &

This is usually denoted as,

g5 &5 @
‘F?f:ax{+@§+az{

and is called the Laplacian. The 2-D version of course simply doesn’t have the third term.

Okay, we can now look into the 2-D and 3-D version of the heat equation and where ever the del
operator and or Laplacian appears assume that it is the appropriate dimensional version.

The higher dimensional version of (1) is,
cp%: Ve @+ ®)

and note that the specific heat, ¢, and mass density, 2, are may not be uniform and so may be
functions of the spatial variables. Likewise, the external sources term, Q, may also be a function
of both the spatial variables and time.

Next, the higher dimensional version of Fourier’s law is,
g=—K Vu

where the thermal conductivity, £, is again assumed to be a function of the spatial variables.
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If we plug this into (5) we get the heat equation for a non uniform bar (i.e. the thermal properties
may be functions of the spatial variables) with external sources/sinks,

cp%: V(K Vi) +0 (6)

If we now assume that the specific heat, mass density and thermal conductivity are constant (i.e.
the bar is uniform) the heat equation becomes,

e _ W+ g (7)
i op

where we divided both sides by .2 to get the thermal diffusivity, k in front of the Laplacian.

The initial condition for the 2-D or 3-D heat equation is,

u(x,y,.ﬁ:l =flix,y:l ot u(x,y,z,ﬁjl=f|ix,y,z:l
depending upon the dimension we’re in.

The prescribed temperature boundary condition becomes,

u(x,y,.ﬁjl :T(x,y,.ﬁ]l or u(x,y,z,ﬁ)z?[x,y,z,.ﬁ)

where [x, b :' or [x,y =Z:', depending upon the dimension we’re in, will range over the portion of
the boundary in which we are prescribing the temperature.

The prescribed heat flux condition becomes,
—K Vuri=glt)

where the left side is only being evaluated at points along the boundary and 71 7 is the outward
unit normal on the surface.

Newton’s law of cooling will become,

K Nuw=H (u _”3)
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where H is a positive quantity that is experimentally determine, Ug uzisthe temperature of
the fluid at the boundary and again it is assumed that this is only being evaluated at points along
the boundary.

We don’t have periodic boundary conditions here as they will only arise from specific 1-D
geometries.

We should probably also acknowledge at this point that we’ll not actually be solving (7) at any
point, but we will be solving a special case of it in the Laplace’s Equation section.

The Wave Equation

In this section we want to consider a vertical string of length L that has been tightly stretched
between two points at x =0 and x = I.

Because the string has been tightly stretched we can assume that the slope of the displaced string
at any point is small. So just what does this do for us? Let’s consider a point X on the string in

its equilibrium position, i.e. the location of the point at ¢ =0. As the string vibrates this point
will be displaced both vertically and horizontally, however, if we assume that at any point the
slope of the string is small then the horizontal displacement will be very small in relation to the
vertical displacement. This means that we can now assume that at any point x on the string the

displacement will be purely vertical. So, let’s call this displacement ¥ ':f'ﬁf]'.

We are going to assume, at least initially, that the string is not uniform and so the mass density of

the string, o x] may be a function of x.

Next we are going to assume that the string is perfectly flexible. This means that the string will
have no resistance to bending. This in turn tells us that the force exerted by the string at any
point x on the endpoints will be tangential to the string itself. This force is called the tension in

the string and its magnitude will be given by T(M}.

Finally, we will let & (H) represent the vertical component per unit mass of any force acting on
the string. Provided we again assume that the slope of the string is small the vertical
displacement of the string at any point is then given by,

p(x)% =§[T(x,f)%]+p[x}@[x,z) &)

This is a very difficult partial differential equation to solve so we need to make some further
simplifications.

First, we’re now going to assume that the string is perfectly elastic. This means that the

magnitude of the tension, T(H), will only depend upon how much the string stretches near x.

30


http://tutorial.math.lamar.edu/Classes/DE/TheHeatEquation.aspx#ZEqnNum368310
http://tutorial.math.lamar.edu/Classes/DE/LaplacesEqn.aspx

Again, recalling that we’re assuming that the slope of the string at any point is small this means
that the tension in the string will then very nearly be the same as the tension in the string in its

equilibrium position. We can then assume that the tension is a constant value, T(Uj‘ =1,

Further, in most cases the only external force that will act upon the string is gravity and if the
string light enough the effects of gravity on the vertical displacement will be small and so will

also assume that 2 (%£) =0, This leads to

i B Ay

e

If we know divide by the mass density and define,

=
o
we arrive at the 1-D wave equation,
2
Fu_a2u @
¥ ax

In the previous section when we looked at the heat equation he had a number of boundary
conditions however in this case we are only going to consider one type of boundary conditions.
For the wave equation the only boundary condition we are going to consider will be that of
prescribed location of the boundaries or,

2l 0,6)=1h (t) u(L,t)=h,(t)

The initial conditions (and yes we meant more than one...) will also be a little different here
from what we saw with the heat equation. Here we have a 2" order time derivative and so we’ll
also need two initial conditions. At any point we will specify both the initial displacement of the
string as well as the initial slope of the string. The initial conditions are then,

u(x0) =7 (2) > (w0)=(x)

For the sake of completeness we’ll close out this section with the 2-D and 3-D version of the
wave equation. We’ll not actually be solving this at any point, but since we gave the higher
dimensional version of the heat equation (in which we will solve a special case) we’ll give this as
well.

The 2-D and 3-D version of the wave equation is,
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where  ¥*is the Laplacian.
Separation of Variables

Okay, it is finally time to at least start discussing one of the more common methods for solving
basic partial differential equations. The method of Separation of Variables cannot always be
used and even when it can be used it will not always be possible to get much past the first step in
the method. However, it can be used to easily solve the 1-D heat equation with no sources, the

1-D wave equation, and the 2-D version of Laplace’s Equation, ¥ %: = (.

In order to use the method of separation of variables we must be working with a linear
homogenous partial differential equations with linear homogeneous boundary conditions. At this
point we’re not going to worry about the initial condition(s) because the solution that we initially
get will rarely satisfy the initial condition(s). As we’ll see however there are ways to generate a
solution that will satisfy initial condition(s) provided they meet some fairly simple requirements.

The method of separation of variables relies upon the assumption that a function of the form,

ul[x,.ﬁjl:m(leﬁ(z]l (1)

will be a solution to a linear homogeneous partial differential equation in x and t. This is called a
product solution and provided the boundary conditions are also linear and homogeneous this
will also satisfy the boundary conditions. However, as noted above this will only rarely satisfy
the initial condition, but that is something for us to worry about in the next section.

So, let’s do a couple of examples to see how this method will reduce a partial differential
equation down to two ordinary differential equations.

Example 1 Use Separation of Variables on the following partial differential equation.

2
%=;ca_3;
5 521

u[x,ﬂ) :f[x:l u[D,z):U ul[.rf.,.t:l:ﬂ
Solution
So, we have the heat equation with no sources, fixed temperature boundary conditions (that are

also homogeneous) and an initial condition. The initial condition is only here because it belongs
here, but we will be ignoring it until we get to the next section.
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The method of separation of variables tells us to assume that the solution will take the form of
the product,

£ Iix,r.:l: -:;:?Iix]lGli.f:l

so all we really need to do here is plug this into the differential equation and see what we get.

% (0(x)6(0) =k 25 (2050}

3
@:kg[g)ﬂ

(%) dt dx”

As shown above we can factor the ‘?’( x]' out of the time derivative and we can factor the & (f]'
out of the spatial derivative. Also notice that after we’ve factored these out we no longer have a

partial derivative left in the problem. In the time derivative we are now differentiating only & (5)
with respect to t and this is now an ordinary derivative. Likewise, in the spatial derivative we

are now only differentiating ‘P': x} with respect to x and so we again have an ordinary derivative.

At this point it probably doesn’t seem like we’ve done much to simplify the problem. However,
just the fact that we’ve gotten the partial derivatives down to ordinary derivatives is liable to be
good thing even if it still looks like we’ve got a mess to deal with.

Speaking of that apparent (and yes | said apparent) mess, is it really the mess that it looks like?
The idea is to eventually get all the t’s on one side of the equation and all the x’s on the other
side. In other words we want to “separate the variables” and hence the name of the method. In

this case let’s notice that if we divide both sides by @(x)G{t) we get want we want and we
should point out that it won’t always be as easy as just dividing by the product solution. So,
dividing out gives us,

1dG_, 1d'¢ _ 146G _1d'g

Gdi @dx kG odi @dx

Notice that we also divided both sides by k. This was done only for convenience down the
road. It doesn’t have to be done and nicely enough if it turns out to be a bad idea we can always
come back to this step and put it back on the right side. Likewise, if we don’t do it and it turns
out to maybe not be such a bad thing we can always come back and divide it out. For the time
being however, please accept our word that this was a good thing to do for this problem. We
will discuss the reasoning for this after we’re done with this example.

Now, while we said that this is what we wanted it still seems like we’ve got a mess. Notice

however that the left side is a function of only t and the right side is a function only of x as we
wanted. Also notice these two functions must be equal.
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Let’s think about this for a minute. How is it possible that a function of only t’s can be equal to
a function of only x’s regardless of the choice of t and/or x that we have? This may seem like an
impossibility until you realize that there is one way that this can be true. If both functions (i.e.
both sides of the equation) were in fact constant and not only a constant, but the same constant
then they can in fact be equal.

So, we must have,

14G_1d'»__,
W3 ode pdx

where the —A is called the separation constant and is arbitrary.

The next question that we should now address is why the minus sign? Again, much like the
dividing out the k above, the answer is because it will be convenient down the road to have
chosen this. The minus sign doesn’t have to be there and in fact there are times when we don’t
want it there.

So how do we know it should be there or not? The answer to that is to proceed to the next step
in the process (which we’ll see in the next section) and at that point we’ll know if would be
convenient to have it or not and we can come back to this step and add it in or take it our
depending what we chose to do here.

Okay, let’s proceed with the process. The next step is to acknowledge that we can take the
equation above and split it into the following two ordinary differential equations.

iG A
A 1" P __a
i PG

Both of these are very simple differential equations, however because we don’t know what A A

is we actually can’t solve the spatial one yet. The time equation however could be solved at this
point if we wanted to, although that won’t always be the case. At this point we don’t want to
actually think about solving either of these yet however.

The last step in the process that we’ll be doing in this section is to also make sure that our

product solution, ¥ (xt)=olx) G(fj', satisfies the boundary conditions so let’s plug it into both
of those.

ul0,6)=@(0)Gt)=0 w(L,t)=@(L)3(t)=0

Let’s consider the first one for a second. We have two options here. Either ‘?’(U) =0or

Gt)=0for every t. However, if we have & (£)=0for every t then we’ll also have ¥ (xt)=0
i.e. the trivial solution, and as we discussed in the previous section this is definitely a solution to
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any linear homogeneous equation we would really like a non-trivial solution.

Therefore we will assume that in fact we must have ®L0)=0. Likewise, from the second

boundary condition we will get ¥ £) =0 to avoid the trivial solution. Note as well that we were
only able to reduce the boundary conditions down like this because they were homogeneous.
Had they not been homogeneous we could not have done this.

So, after applying separation of variables to the given partial differential equation we arrive at a
1% order differential equation that we’ll need to solve for & (£} and a 2™ order boundary value

problem that we’ll need to solve for ‘?’( x]'. The point of this section however is just to get to this
point and we’ll hold off solving these until the next section.

Let’s summarize everything up that we’ve determined here.

]
E: -k AT d—?ﬂ' At}": 0
o

ot
0] =0 P(L)=0

and note that we don’t have a condition for the time differential equation and is not a problem.
Also note that we rewrote the second one a little.

So just what have we learned here? By using separation of variables we were able to reduce our
linear homogeneous partial differential equation with linear homogeneous boundary conditions
down to an ordinary differential equation for one of the functions in our product solution (1),

& (3:' in this case, and a boundary value problem that we can solve for the other function, ‘39[x) in
this case.

Example 2 Use Separation of Variables on the following partial differential equation.

]
@;a;a_i;
o
ke ]
0)= —10:)=0 —IL,f1=0
w(x0)=f(x)  Z0=0 L)
Solution

In this case we’re looking at the heat equation with no sources and perfectly insulated
boundaries.So, we’ll start off by again assuming that our product solution will have the form,

1 Iix,fjl = :;?Iix;lﬁ(z}
and because the differential equation itself hasn’t changed here we will get the same result from
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plugging this in as we did in the previous example so the two ordinary differential equations that
we’ll need to solve are,

4t d*p
O _kAG —r=_2
i PR

Now, the point of this example was really to deal with the boundary conditions so let’s plug the
product solution into them to get,

OLO RN COLC T
G[z)%[ﬂ):ﬂ G[s)j—f[ﬁ):ﬂ

Now, just as with the first example if we want to avoid the trivial solution and so we can’t have

& (f'} =0 for every t and so we must have,

d@ d
ZFimy=n0 ZEir=n0
—(0) - (L)

Here is a summary of what we get by applying separation of variables to this problem.

2

G i 29, Ap=10

it dx
g dep
Zloy=0  ZZ(r)=0
—(0) —(L)

Next, let’s see what we get if use periodic boundary conditions with the heat equation.

Example 3 Use Separation of Variables on the following partial differential equation.

& _ P
o :
wlx0)=7(x) ul(—L t)=ullt) —x[—L,z):—x[L,.t)

Solution

First note that these boundary conditions really are homogeneous boundary conditions. If we
rewrite them as,

(-L.8)——(L,t)=0D

(~L8)—u (L,e)=0 % g“
X
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it’s a little easier to see.

Now, again we’ve done this partial differential equation so we’ll start off with,

] (x,.ﬁjl = Q?(leG(.ﬁjl
and the two ordinary differential equations that we’ll need to solve are,

i A
Y G ¥ __a
i PG

Plugging the product solution into the rewritten boundary conditions gives,

Gle)e(-L)-Cle)@lL)=CGe)[el-L)-@(L]]=0

o)1) -0 221y o) 2E-1)- 22 (1) -0

and we can see that we’ll only get non-trivial solution if,

@(~L)-@(L)=0 %[—L)—%[L):D
o(~L)= olL) 0y =22 1)

So, here is what we get by applying separation of variables to this problem.

2
LIS e
d

et X

o-n)=alr)  L(1)=22(1)

+Ag=10

Let’s now take a look at what we get by applying separation of variables to the wave equation
with fixed boundaries.

Example 4 Use Separation of Variables on the following partial differential equation.

aﬂu_ . S
al C Al

i
(x0)=7(x)  Em0)=s(x
u[D,£)=U u[ﬂ.,.ﬁ)=0
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Solution

Now, as with the heat equation the two initial conditions are here only because they need to be
here for the problem. We will not actually be doing anything with them here and as mentioned
previously the product solution will rarely satisfy them. We will be dealing with those in a later
section when we actually go past this first step. Again, the point of this example is only to get
down to the two ordinary differential equations that separation of variables gives.

So, let’s get going on that and plug the product solution, ¥ (xi} = ‘3’( x),zg (f’j' (we switched the G
to an h here to avoid confusion with the g in the second initial condition) into the wave equation
to get,

2 o) n(0) = 2o () h(2)
o(x) =) 7
1 @ 1dg

cIhdi? @ dit

Note that we moved the ¢ to the right side for the same reason we moved the k in the heat
equation. It will make solving the boundary value problem a little easier.

Now that we’ve gotten the equation separated into a function of only t on the left and a function

of only X on the right we can introduce a separation constant and again we’ll use —.2 S0 we can
arrive at a boundary value problem that we are familiar with. So, after introducing the separation
constant we get,

1 d% _ 1d%

=_ =-1
chdt @dr

The two ordinary differential equations we get are then,

i
P P

The boundary conditions in this example are identical to those from the first example and so
plugging the product solution into the boundary conditions gives,

@(0)=0 @(Li=10

Applying separation of variables to this problem gives,
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Next, let’s take a look at the 2-D Laplace’s Equation.

Example 5 Use Separation of Variables on the following partial differential equation.

%+%:U D=x=rl D= y= A
u(0.y)=g(r) u(L,y)=0
u[x,l:l) =10 u[x,H)=U

Solution

This problem is a little (well actually quite a bit in some ways) different from the heat and wave
equations. First, we no longer really have a time variable in the equation but instead we usually
consider both variables to be spatial variables and we’ll be assuming that the two variables are in
the ranges shown above in the problems statement. Note that this also means that we no longer
have initial conditions, but instead we now have two sets of boundary conditions, one for x and
one fory.

Also, we should point out that we have three of the boundary conditions homogeneous and one
nonhomogeneous for a reason. When we get around to actually solving this Laplace’s Equation

we’ll see that this is in fact required in order for us to find a solution.

For this problem we’ll use the product solution,

u(xy)=k(x)@(y)

It will often be convenient to have the boundary conditions in hand that this product solution
gives before we take care of the differential equation. In this case we have three homogeneous
boundary conditions and so we’ll need to convert all of them. Because we’ve already converted
these kind of boundary conditions we’ll leave it to you to verify that these will become,

R(LY=0 @(0) =0 @(Hi=0

Plugging this into the differential equation and separating gives,
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3 3
@[;ﬂ[ﬂ fl?b’)%g(;ﬂ(x)ﬁ?[ﬂ): 0
4 4
‘?’[J’)EHE'IX)F:U
1d%__1de
hdd pdd

Okay, now we need to decide upon a separation constant. Note that every time we’ve chosen
the separation constant we did so to make sure that the differential equation

2
22, ap=0
dy

would show up. Of course, the letters might need to be different depending on how we defined
our product solution (as they’ll need to be here). We know how to solve this
eigenvalue/eigenfunction problem as we pointed out in the discussion after the first example.
However, in order to solve it we need two boundary conditions.

So, for our problem here we can see that we’ve got two boundary conditions for ‘39':3” } but only
one for Ezl[x) and so we can see that the boundary value problem that we’ll have to solve will

involve ‘?’(J” ]' and so we need to pick a separation constant that will give use the boundary value
problem we’ve already solved. In this case that means that we need to choose A for the

separation constant. If you’re not sure you believe that yet hold on for a second and you’ll soon

see that it was in fact the correct choice here.

Putting the separation constant gives,
1% _ 1d%¢

- =1
hde wdr

The two ordinary differential equations we get from Laplace’s Equation are then,

— 4+ Ap=10
dx* dyz
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We can now see that the second one does now look like one we’ve already solved (with a small
change in letters of course, but that really doesn’t change things).

So, let’s summarize up here.

] 2
k=0 40| ap=0
adx v
R(L)=0 @0)=0  @(H)=0

So, we’ve finally seen an example where the constant of separation didn’t have a minus sign and
again note that we chose it so that the boundary value problem we need to solve will match one
we’ve already seen how to solve so there won’t be much work to there.

All the examples worked in this section to this point are all problems that we’ll continue in later
sections to get full solutions for. Let’s work one more however to illustrate a couple of other
ideas. We will not however be doing any work with this in later sections however, it is only here
to illustrate a couple of points.

Example 6 Use Separation of Variables on the following partial differential equation.

&_, S,
&

e
u(x0)=7(x) u(0,¢)=0 —E[L,z):u[ﬁ,z)

Solution

Note that this is a heat equation with the source term of 4 (Pf:f) =~CL%4 and is both linear and
homogenous. Also note that for the first time we’ve mixed boundary condition types. At x =0

we’ve got a prescribed temperature and at x = [, we’ve got a Newton’s law of cooling type
boundary condition. We should not come away from the first few examples with the idea that
the boundary conditions at both boundaries always the same type. Having them the same type
just makes the boundary value problem a little easier to solve in many cases.

So we’ll start off with,

& Iix,f,:l: -:;?Iix]lGlif,:l

and plugging this into the partial differential equation gives,
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Now, the next step is to divide by W(X}G (5) and notice that upon doing that the second term on
the right will become a one and so can go on either side. Theoretically there is no reason that the
one can’t be on either side, however from a practical standpoint we again want to keep things a
simple as possible so we’ll move it to the t side as this will guarantee that we’ll get a differential
equation for the boundary value problem that we’ve seen before. So, separating and introducing
a separation constant gives,

2
I(lda, )1,
A @ dx

The two ordinary differential equations that we get are then (with some rewriting),

2
g:—[ﬂkﬂjﬁ TP a0

Now let’s deal with the boundary conditions.

G (e) @(0) = 0
5022 (0)+ 00y D) = 60| L2 (D) o(1) |-

and we can see that we’ll only get non-trivial solution if,

P0)=0 ff_f(g)m(g):o

So, here is what we get by applying separation of variables to this problem.

At d'ep
—=—[Ak+1)F —+ Ap=10
it [ ) i
d
p(0)=0  ZZ(L)+e(r)=0
X

Solving the Heat Equation
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In this section we will now solve those ordinary differential equations and use the results to get
a solution to the partial differential equation. We will be concentrating on the heat equation in
this section and will do the wave equation and Laplace’s equation in later sections.

The first problem that we’re going to look at will be the temperature distribution in a bar with
zero temperature boundaries. We are going to do the work in a couple of steps so we can take
our time and see how everything works.

The first thing that we need to do is find a solution that will satisfy the partial differential
equation and the boundary conditions. At this point we will not worry about the initial condition.
The solution we’ll get first will not satisfy the vast majority of initial conditions but as we’ll see
it can be used to find a solution that will satisfy a sufficiently nice initial condition.

Example 1 Find a solution to the following partial differential equation that will also satisfy the
boundary conditions.

2
%=;ca_3;
2 59

u[x,[]) :f[x:l u[U,i):D ul[i.,ﬁjlzﬂ
Solution

The first thing we technically need to do here is apply separation of variables. Even though we
did that in the previous section let’s recap here what we did.

First, we assume that the solution will take the form,

1 Iix,f,:l: -:;?Iix]lGlif,:l

and we plug this into the partial differential equation and boundary conditions. We separate the
equation to get a function of only t on one side and a function of only x on the other side and then
introduce a separation constant. This leaves us with two ordinary differential equations.

We did all of this in Example 1 of the previous section and the two ordinary differential
equations are,

2
G i 4@ ap=0
et e

@(0)=0  @(1)=0
The time dependent equation can really be solved at any time, but since we don’t know what A
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A is yet let’s hold off on that one. Also note that in many problems only the boundary value
problem can be solved at this point so don’t always expect to be able to solve either one at this
point.

The spatial equation is a boundary value problem and we know from our work in the previous

chapter that it will only have non-trivial solutions (which we want) for certain values of 4, which
we’ll recall are called eigenvalues. Once we have those we can determine the non-trivial

solutions for each A, i.e. eigenfunctions.
Now, we actually solved the spatial problem,

ai'g.:;:*

ar’

@(0)=0 @(L)=10

+ Ag=10

in Example 1 of the Eigenvalues and Eigenfunctions section of the previous chapter for I = 2.
So, because we’ve solved this once for a specific L and the work is not all that much different for
a general L we’re not going to be putting in a lot of explanation here and if you need a reminder
on how something works or why we did something go back to Example 1 from the Eigenvalues
and Eigenfunctions section for a reminder.

We’ve got three cases to deal with so let’s get going.

A=0

In this case we know the solution to the differential equation is,
c;:?l[x) =i Cos (ﬁx} + i, i (ﬁ x)
Applying the first boundary condition gives,
0=g@(0)=¢,
Now applying the second boundary condition, and using the above result of course, gives,
0= (L) = ¢, sin [ £2]
Now, we are after non-trivial solutions and so this means we must have,
sin L/ )=0 = Ifi=nm n=1273.

The positive eigenvalues and their corresponding eigenfunctions of this boundary value problem
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are then,

war V' C(nmx
Ak:[?] di[x)=s1n( 7 ] n=1273__

Note that we don’t need the ©z in the eigenfunction as it will just get absorbed into another
constant that we’ll be picking up later on.

A=10

The solution to the differential equation in this case is,

.:;:?(x]l =0 togX
Applying the boundary conditions gives,
0=g(0)=¢, 0= @(L)=c,L =  c,=0

So, in this case the only solution is the trivial solution and so A =0 is not an eigenvalue for this
boundary value problem.

A<l

Here the solution to the differential equation is,
@ x) = cosh (a..n'—,?i x) +c, sinh (m"—;i x)
Applying the first boundary condition gives,

0=g(0)=¢

and applying the second gives,
0= @(L)= 5y sinh [ ZJ-1)

So, we are assuming A <0 and so Z+—2 = 0 and this means Smh(L ‘_A)i 0

we must have £z =% and so we can only get the trivial solution in this case.

. We therefore

Therefore, there will be no negative eigenvalues for this boundary value problem.
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The complete list of eigenvalues and eigenfunctions for this problem are then,

war V' C(nmx
Ak:[?] di[x)=s1n( 7 ] n=1273__

Now let’s solve the time differential equation,

4G
- kAT
-k

and note that even though we now know A we’re not going to plug it in quite yet to keep the
mess to a minimum. We will however now use “ to remind us that we actually have an infinite

number of possible values here.

This is a simple linear (and separable for that matter) 1% order differential equation and so we’ll
let you verify that the solution is,

Now that we’ve gotten both of the ordinary differential equations solved we can finally write
down a solution. Note however that we have in fact found infinitely many solutions since there
are infinitely many solutions (i.e. eigenfunctions) to the spatial problem.

Our product solution are then,
LA
ux[x,z):ﬂxsin(?}*[z] n=123,.

denoted the product solution U, 1 acknowledge that each value of n will yield a different
solution. Also note that we’ve changed the ¢ in the solution to the time problem to ‘Bn to
denote the fact that it will probably be different for each value of n as well and because had we

kept the €3 with the eigenfunction we’d have absorbed it into the ¢ to get a single constant in our
solution.

So, there we have it. The function above will satisfy the heat equation and the boundary
condition of zero temperature on the ends of the bar.

The problem with this solution is that it simply will not satisfy almost every possible initial

condition we could possibly want to use. That does not mean however, that there aren’t at least a
few that it will satisfy as the next example illustrates.
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Example 2 Solve the following heat problem for the given initial conditions.

Solution

a) This is actually easier than it looks like. All we need to do is choose » =1 and &1 = ¢ in the
product solution above to get,

2

i (5,6)= Gsin(?JE_k[%]’

and we’ve got the solution we need. This is a product solution for the first example and so
satisfies the partial differential equation and boundary conditions and will satisfy the initial

condition since plugging in ¢ =0 will drop out the exponential.

(b) This is almost as simple as the first part. Recall from the Principle of Superposition that if
we have two solutions to a linear homogeneous differential equation (which we’ve got here) then

their sum is also a solution. So, all we need to do is choose n and &, as we did in the first part to
get a solution that satisfies each part of the initial condition and then add them up. Doing this
gives,

N el ! pax ‘
u[x,.ﬁj =12zin gﬂ e [95] ‘ —7sin 4_;?Tx eﬁl{ z] ‘
L L
We’ll leave it to you to verify that this does in fact satisfy the initial condition and the boundary

conditions.

So, we’ve seen that our solution from the first example will satisfy at least a small number of
highly specific initial conditions.

Now, let’s extend the idea out that we used in the second part of the previous example a little to
see how we can get a solution that will satisfy any sufficiently nice initial condition. The
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Principle of Superposition is, of course, not restricted to only two solutions. For instance the
following is also a solution to the partial differential equation.

u(xt)= iﬂx sin (%} AF)

and notice that this solution will not only satisfy the boundary conditions but it will also satisfy
the initial condition,

s (x,0) :iﬂxﬁn(?]

Let’s extend this out even further and take the limit as A4 —eo. Doing this our solution now
becomes,

- .| mTx -‘{x—ﬂ]??
u[x,f)—gﬁ’xsm(TJe z

This solution will satisfy any initial condition that can be written in the form,

u(x,0)=f{x)=§5»ﬁ“(?]

This may still seem to be very restrictive, but the series on the right should look awful familiar
to you after the previous chapter. The series on the left is exactly the Fourier sine series we
looked at in that chapter. Also recall that when we can write down the Fourier sine series for any

piecewise smooth functionon 0= x < f.

So, provided our initial condition is piecewise smooth after applying the initial condition to our

solution we can determine the &, as if we were finding the Fourier sine series of initial
condition. So we can either proceed as we did in that section and use the orthogonality of the
sines to derive them or we can acknowledge that we’ve already done that work and know that
coefficients are given by,

2 I
B,!=—j f[xjsin(ﬂde #=12,3...
Z), ;

So, we finally can completely solve a partial differential equation.
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Example 3 Solve the following BVP.

2
%:;ca_?

b

ul[x,[])=20 ul[[],.ﬁ)=l:l ul[.nf.,f,)=0

Solution

There isn’t really all that much to do here as we’ve done most of it in the examples and
discussion above.

First, the solution is,

4 (1.8)= 2B, sin (%];{’%’J ’
u=l

The coefficients are given by,

nT nw

2 =3j;20 ﬁn[?Jcﬁzi[zﬂﬂ(l—cos[m:])]z 40(1_(_1)»)

If we plug these in we get the solution,

o (rt)= 5 (27,75

2=l

While the example itself was very simple, it was only simple because of all the work that we
had to put into developing the ideas that even allowed us to do this. Because of how “simple” it
will often be to actually get these solutions we’re not actually going to do anymore with specific
initial conditions. We will instead concentrate on simply developing the formulas that we’d be
required to evaluate in order to get an actual solution.

So, having said that let’s move onto the next example. In this case we’re going to again look at
the temperature distribution in a bar with perfectly insulated boundaries. We are also no longer
going to go in steps. We will do the full solution as a single example and end up with a solution
that will satisfy any piecewise smooth initial condition.
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Example 4 Find a solution to the following partial differential equation.

a_, o
G

Bhs Bhe
u(x,0)=7(x) E[D,zj:ﬂ a[ﬁ,zj:ﬂ

Solution

We applied separation of variables to this problem in Example 2 of the previous section. So,
after assuming that our solution is in the form,

& (x,r.jl: Q?(X)G(.ﬁjl

and applying separation of variables we get the following two ordinary differential equations that
we need to solve.

A d e

Y kAT S ¥ Ap=10

d e
& oo
T =0 —={L)=0
—(0) — (L)

We solved the boundary value problem in Example 2 of the Eigenvalues and Eigenfunctions

section of the previous chapter for L = 2 so as with the first example in this section we’re not
going to put a lot of explanation into the work here. If you need a reminder on how this works
go back to the previous chapter and review the example we worked there. Let’s get going on the
three cases we’ve got to work for this problem.

A=

The solution to the differential equation is,

Q?I[x:l =i cos (ﬁx} + i, 8in (ﬁ x)

Applying the first boundary condition gives,

d
0= ﬁ’[m):JEcz = ;=0

The second boundary condition gives,
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0= dﬁ[ﬁ):—ﬂclsm(ﬁﬁ)

dx
Recall that .1 =0 and so we will only get non-trivial solutions if we require that,
sin (L+/2)=0 = INi=nmr  n=123,..

The positive eigenvalues and their corresponding eigenfunctions of this boundary value problem
are then,

wir nITx
Akz[_] {;;[x):cos( i J n=1273__

A=0

The general solution is
-:;:"( x) =& +o,x

Applying the first boundary condition gives,

d
0= f'{ﬂ) =&

Using this the general solution is then,
‘3:'( x) =0

and note that this will trivially satisfy the second boundary condition. Therefore 2 =10 is an
eigenvalue for this BVP and the eigenfunctions corresponding to this eigenvalue is,

Q?(x}:l

A =D

The general solution here is,

@[ x) =, cosh (\u"'—_fi x) +c; sinh (J—_fi x)
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Applying the first boundary condition gives,

0= ?[0): JAe, = =0
X

The second boundary condition gives,

0= 22(1) =2 qsinh(IV=17)

dx

We know that Z+/~1 # 0 and so Smh(L ‘_’%) * U Therefore we must have & =0 and so, this
boundary value problem will have no negative eigenvalues.

So, the complete list of eigenvalues and eigenfunctions for this problem is then,

%:(ET Q%l[x):cos(mﬁx] n=1273,..
=0 % (x)=1

and notice that we get the 4 = U eigenvalue and its eigenfunction if we allow » =0 in the first
set and so we’ll use the following as our set of eigenvalues and eigenfunctions.

2
naw »nox

zﬁ(T] {;;[x)=cos(T] n=0,123...

The time problem here is identical to the first problem we looked at so,

Our product solutions will then be,

un[x,£)=ﬂ,,c05(?}eﬁh[?]t n=01273. .

and the solution to this partial differential equation is,

u(x)=3 4 cos(n—jf]e_h[zj]z

n=ll
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If we apply the initial condition to this we get,

7

ul[x,[:l:l:flix:l:;ﬂkcos( 7

and we can see that this is nothing more than the Fourier cosine series for J 'I’f:' on 0= x=/ and
so again we could use the orthogonality of the cosines to derive the coefficients or we could
recall that we’ve already done that in the previous chapter and know that the coefficients are

given by,

1
E_Ilnzf[x:ldx x=10

z
%ju f[x)cos[%]dx EEN

The last example that we’re going to work in this section is a little different from the first two.
We are going to consider the temperature distribution in a thin circular ring. We will consider
the lateral surfaces to be perfectly insulated and we are also going to assume that the ring is thin
enough so that the temperature does not vary with distance from the center of the ring.

So, what does that leave us with? Let’s set x =0 as shown below and then let x be the arc length

of the ring as measured from this point.

r=-Lx=1

x=10

We will measure x as positive if we move to the right and negative if we move to the left of

x =0. This means that at the top of the ring we’ll meet where x = I, (if we move to the right) and
x =—1L (if we move to the left). By doing this we can consider this ring to be a bar of length 2L

and the heat equation that we developed earlier in this chapter will still hold.
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At the point of the ring we consider the two “ends” to be in perfect thermal contact. This
means that at the two ends both the temperature and the heat flux must be equal. In other words

we must have,

= ke
ul(—Lt)=ulL,¢) a[—ﬁ,zjza[ﬁ,z)

If you recall from the section in which we derived the heat equation we called these periodic
boundary conditions. So, the problem we need to solve to get the temperature distribution in this

case is,

Example 5 Find a solution to the following partial differential equation.

au_, du
& &
w20V =7 () wl-Lf)=u(Le) %{4,@:%(5,5)

Solution

We applied separation of variables to this problem in Example 3 of the previous section. So, if
we assume the solution is in the form,

& (x,r.jl: Q?(X)G(.ﬁjl

we get the following two ordinary differential equations that we need to solve.

2
A _ g ZP 4 Ap=0
et dx

o-n)=alr)  L0)=22(1)

As we’ve seen with the previous two problems we’ve already solved a boundary value problem
like this one back in the Eigenvalues and Eigenfunctions section of the previous chapter,

Example 3 to be exact withZ =sr. So, if you need a little more explanation of what’s going on
here go back to this example and you can see a little more explanation.

We again have three cases to deal with here.

A=0

The general solution to the differential equation is,
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c;:?l[x) =i Cos (ﬁx} + i, i (ﬁ x)

Applying the first boundary condition and recalling that cosine is an even function and sine is an
odd function gives us,

£ cos[i—i.ﬁ)+cg sin[i—i.ﬁ)=clms (Lﬁ) +c, sin(Lﬁ)
-, sin(ﬂ.«.-’ﬁ):cz sin(f.u'ﬁ)
0= 2, sin(.é;ﬁ)

At this stage we can’t really say anything as either €3 & or sine could be zero. So, let’s apply
the second boundary condition and see what we get.

- ﬂclsin(—ﬂﬁj+ﬁcg cos (—Lﬂ) :—«,-"Er:l sin(i.ﬁ)+ﬁcz cos(ﬂ.ﬁ)
ﬁclsin (L ,fi) :—xﬁcl sin(i.«..ﬁ)
Eﬁclsin(ﬁﬂ)=0

We get something similar. However notice that if *'" (L ’ﬁ) * U then we would be forced to

have 2 =23 = and this would give us the trivial solution which we don’t want.

This means therefore that we must have *™ (L “"ﬁ) =0 which in turn means (from work in our
previous examples) that the positive eigenvalues for this problem are,

,1,,:[’1_”] n=123,..

Now, there is no reason to believe that <=9 or &2 =0, All we know is that they both can’t be
zero and so that means that we in fact have two sets of eigenfunctions for this problem
corresponding to positive eigenvalues. They are,

%[KFEOS(?J @H[xj=sin(?] n=12.3,.

A=0

The general solution in this case is,
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.:;:'(x:l =0 tio,X

Applying the first boundary condition gives,

£ +e, [—Lj= 5 +e, [L:]
2fe, =10 = £,=10

The general solution is then,
@(x)=q

and this will trivially satisfy the second boundary condition. Therefore 4 =10 is an eigenvalue
for this BVP and the eigenfunctions corresponding to this eigenvalue is,

-:;:?(x]l=l

A=l

For this final case the general solution here is,

QD[J::I = cosh (\n'{—_fi x) +c, sinh ('\f__ﬂ. x)

Applying the first boundary condition and using the fact that hyperbolic cosine is even and
hyperbolic sine is odd gives,

£, cosh (—L\f"—_fi) +ic, sinh (—L«f—_ﬂ) = ¢ cosh (L\f"—_ﬂ:Hcg sinh (L ﬁ)
—, sinh (—L\."r—_ﬂ) = ¢, sinh (LJ—_}&)
2, sinh(L«J‘r—_}l): 0

Now, in this case we are assuming that .4 < and so L+/—4 = 0. This turn tells us that

sinh(ﬁ.«;‘{—_ﬂ):ﬁ 0

. We therefore must have ¢z =0,

Let’s now apply the second boundary condition to get,

56



ﬁclsinh(—ﬁﬁ) =J-2q anh(ﬁﬁ)
2d=Tzysinh (LV=2) =0 = e =0

By our assumption on ;1 we again have no choice here but to have @ =Y and so for this boundary
value problem there are no negative eigenvalues.

Summarizing up then we have the following sets of eigenvalues and eigenfunctions and note

that we’ve merged the A =10 case into the cosine case since it can be here to simplify things
up a little.
xIT g nwx
=| — = _ =|:|,1,2,3,...
Ay [L] @ (x) cos( 7 ] 2
2
A= ﬂ] @ (x =sin[@] n=12.3_
=(Z) a(=aa(22

The time problem is again identical to the two we’ve already worked here and so we have,

Now, this example is a little different from the previous two heat problems that we’ve looked
at. In this case we actually have two different possible product solutions that will satisfy the
partial differential equation and the boundary conditions. They are,

2xY,
uxlix,.ﬁ:l:ﬂxcos(?Jeﬂh[ I] a=012735__.

ey
ux[x,ﬁ): B, sin(%]e [‘E] ! n=1273_.

The Principle of Superposition is still valid however and so a sum of any of these will also be a
solution and so the solution to this partial differential equation is,

i
Hx

- x) Hplr & .mx-H;?
u[x,zjzéﬂx EOS(MTJE [ ] +§anm(%}a [ ]

If we apply the initial condition to this we get,
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u(x,0)= f(z) = 2_4 cos( ]@g sm[ ]

u=1

and just as we saw in the previous two examples we get a Fourier series. The difference this

time is that we get the full Fourier series for a piecewise smooth initial condition on =L = x = I.
As noted for the previous two examples we could either rederive formulas for the coefficients
using the orthogonality of the sines and cosines or we can recall the work we’ve already done.
There’s really no reason at this point to redo work already done so the coefficients are given by,

1 ;£
A=z ] f(x)dx

1l nTs
A, :EI_If[xjcos(T)dx a=1273 .
B, :%I:f[x)sin(”—fi)dx n=123,...

Note that this is the reason for setting up x as we did at the start of this problem. A full Fourier
series needs an interval of =7, = x = I. whereas the Fourier sine and cosines series we saw in the
first two problems need D= x = 1.

Heat Equation with Non-Zero Temperature Boundaries

In this section we want to expand one of the cases from the previous section a little bit. In the
previous section we look at the following heat problem.

=k

I 3,|mu

B
El
u(x,0)

( ) 2(0.)=0  uw(Le)=0

Now, there is nothing inherently wrong with this problem, but the fact that we’re fixing the
temperature on both ends at zero is a little unrealistic. The other two problems we looked at,
insulated boundaries and the thin ring, are a little more realistic problems, but this one just isn’t
all that realistic so we’d like to extend it a little.

What we’d like to do in this section is instead look at the following problem.

o 8234:
ER ax 1)
ul[x,[])=f|[x) [U £)=T ul[L,r.)=T2
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In this case we’ll allow the boundaries to be any fixed temperature, 71 or 2. The problem here
is that separation of variables will no longer work on this problem because the boundary
conditions are no longer homogeneous. Recall that separation of variables will only work if both
the partial differential equation and the boundary conditions are linear and homogeneous. So,
we’re going to need to deal with the boundary conditions in some way before we actually try and
solve this.

Luckily for us there is an easy way to deal with them. Let’s consider this problem a little bit.
There are no sources to add/subtract heat energy anywhere in the bar. Also our boundary
conditions are fixed temperatures and so can’t change with time and we aren’t prescribing a heat
flux on the boundaries to continually add/subtract heat energy. So, what this all means is that
there will not ever be any forcing of heat energy into or out of the bar and so while some heat
energy may well naturally flow into our out of the bar at the end points as the temperature
changes eventually the temperature distribution in the bar should stabilize out and no longer
depend on time.

Or, in other words it makes some sense that we should expect that as ¢ —co our temperature

distribution, ¥ (xvf:' should behave as,

lim 5 (x, f.} =g (x:l

=

where ¥z [x) is called the equilibrium temperature. Note as well that is should still satisfy the
heat equation and boundary conditions. It won’t satisfy the initial condition however because it

is the temperature distribution as ¢ —co whereas the initial condition is at : =0. So, the
equilibrium temperature distribution should satisfy,

.:fguE (2)
0= i ug (0) =1 ug(L)=T,

This is a really easy 2" order ordinary differential equation to solve. If we integrate twice we
get,

By [x) =X+,
and applying the boundary conditions (we’ll leave this to you to verify) gives us,

LT

uglx)=T+ 7

X
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What does this have to do with solving the problem given by (1) above? We’ll let’s define the
function,

v(x,ﬁ) :u(x,z)—uE(x) (3)

where ¥ (xvf:' is the solution to (1) and ¥ = (?f) is the equilibrium temperature for (1).

Now let’s rewrite this as,
i (x,.ifjl = v(x,.t:l +ii g (le
and let’s take some derivatives.

ol A ch aﬂu_aﬂeraﬂuE Ay
A & A A At At At At

In both of these derivatives we used the fact that ¥z [x;' is the equilibrium temperature and so is
independent of time t and must satisfy the differential equation in (2).

What this tells us is that both % (%:£) and ¥{%£] must satisfy the same partial differential
equation. Let’s see what the initial conditions and boundary conditions would need to be for

v(x,.ﬁjl.

So, the initial condition just gets potentially messier, but the boundary conditions are now

homogeneous! The partial differential equation that v(%¢) must satisfy is,

E}u_ké?zv
E
vl[x, D)=f|[x)—u3|[xj vl[[l,r.:l=[:] v[L,£)= 0

We saw how to solve this in the previous section and so we the solution is,

v[x,.ﬁ) = i B, sin[%mJ E_j{%z] t
H=1
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where the coefficients are given by,

and the coefficients are given above.
Laplace’s Equation

The next partial differential equation that we’re going to solve is the 2-D Laplace’s equation,

2
Vi = ix_f+% =0
A natural question to ask before we start learning how to solve this is does this equation come
up naturally anywhere? The answer is a very resounding yes! If we consider the 2-D heat
equation,

& vn+ 2
& op

We can see that Laplace’s equation would correspond to finding the equilibrium solution (i.e.
time independent solution) if there were not sources. So, this is an equation that can arise from
physical situations.

How we solve Laplace’s equation will depend upon the geometry of the 2-D object we’re

solving it on. Let’s start out by solving it on the rectangle given by 0= x = 7., V=¥ =H  For
this geometry Laplace’s equation along with the four boundary conditions will be,

. Fu Py
‘Fu—§+$—ﬂl o
w(0.y])=g ] u(l,y)=g(»)
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Example 1 Find a solution to the following partial differential equation.

Vi, = 321‘24 +ai";f‘— 0

ax e
”4[':' 3’)_51'[3"’:' ”4'[L=J’:'=U
u,(x,0)= uy (x,H)=0

Solution

We’ll start by assuming that our solution will be in the form,

# (x.) = 4(x)@(¥)

and then recall that we performed separation of variables on this problem (with a small change in
notation) back in Example 5 of the Separation of Variables section. So from that problem we
know that separation of variables yields the following two ordinary differential equations that
we’ll need to solve.

] 2
2 _m=0 191 ap=10
dx dy
h(L)=0 p(0)=0  @(H)=0

Note that in this case, unlike the heat equation we must solve the boundary value problem first.
Without knowing what A is there is no way that we can solve the first differential equation here
with only one boundary condition since the sign of 2 will affect the solution.

Let’s also notice that we solved the boundary value problem in Example 1 of Solving the Heat
Equation and so there is no reason to resolve it here. Taking a change of letters into account the
eigenvalues and eigenfunctions for the boundary value problem here are,

= |2 2 = z1n Ry M=
olg] )

Now that we know what the eigenvalues are let’s write down the first differential equation with
A plugged in.
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Because the coefficient of ﬁ'ix) in the differential equation above is positive we know that a
solution to this is,

Ezl[x:l =z cosh(?}+¢‘2 sinh (H;x]

However, this is not really suited for dealing with the ;3(-'5:' =0 boundary condition. So, let’s
also notice that the following is also a solution.

=T 5°0)

You should verify this by plugging this into the differential equation and checking that it is in
fact a solution. Applying the lone boundary condition to this “shifted” solution gives,

0= k(L) =g

The solution to the first differential equation is now,

B(x) =c, sinh [@J

and this is all the farther we can go with this because we only had a single boundary condition.
That is not really a problem however because we now have enough information to form the
product solution for this partial differential equation.

A product solution for this partial differential equation is,

m'[L.J”):BH sinh[ﬂﬂ[;_m}sin(mﬂy] n=1273

H

The Principle of Superposition then tells us that a solution to the partial differential equation is,

5 (my) =T B h[ mit) LJHH?]
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and this solution will satisfy the three homogeneous boundary conditions.

To determine the constants all we need to do is apply the final boundary condition.

0)= 5 ) = i 3, sich [mﬁgﬁ)}in [MT.}’]

H

Now, in the previous problems we’ve done this has clearly been a Fourier series of some kind
and in fact it still is. The difference here is that the coefficients of the Fourier sine series are
now,

B, sinh (@J

instead of just £x. We might be a little more tempted to use the orthogonality of the sines to

derive formulas for the &x, however we can still reuse the work that we’ve done previously to get
formulas for the coefficients here.

Remember that a Fourier sine series is just a series of coefficients (depending on n) times a
sine. We still have that here, except the “coefficients” are a little messier this time that what we
saw when we first dealt with Fourier series. So, the coefficients can be found using exactly the

same formula from the Fourier sine series section of a function on U= ¥ =& we just need to be
careful with the coefficients.

-7 H
Bxsinh[mﬁé )}EJ glliy)sin[”?]dy n=12,3..

2y

e EORIC
B = gl v]sin dy m=1273 __
Hsinh(ﬂ}}ﬂ) 0 1[ ) i

The formulas for the & are a little messy this time in comparison to the other problems we’ve
done but they aren’t really all that messy.

Let’s do one of the other problems here so we can make a couple of points.

Example 2 Find a solution to the following partial differential equation.
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?2u3= axg $_D
1 (0.3)= w(Ly)=0
(50)= (5. )= ()

Solution

Okay, for the first time we’ve hit a problem where we haven’t previous done the separation of
variables so let’s go through that. We’ll assume the solution is in the form,

ulxy) =h(x) o)

We’ll apply this to the homogeneous boundary conditions first since we’ll need those once we
get reach the point of choosing the separation constant. We’ll let you verify that the boundary
conditions become,

R(0)=0 R(L)=0 @(0)=0

Next, we’ll plug the product solution into the differential equation.

3 3
@[;ﬂ[ﬂ fl?b’)%g(;ﬂ(x)ﬁ?[ﬂ): 0
4 d*@
@) = k[xjg—'j
1d%__1de
hdd pdd

Now, at this point we need to choose a separation constant. We’ve got two homogeneous

boundary conditions on h so let’s choose the constant so that the differential equation for h yields

a familiar boundary value problem so we don’t need to redo any of that work. In this case,
unlike the ¥4 case, we’ll need —.A4.

This is a good problem in that is clearly illustrates that sometimes you need A as a separation

constant and at other times you need —A. Not only that but sometimes all it takes is a small
change in the boundary conditions it force the change.

So, after adding in the separation constant we get,

1% __1do

il = =_1
hde odf
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and two ordinary differential equations that we get from this case (along with their boundary
conditions) are,

2 2
k=0 L0 ap=0
dx v
R0)=0 A(L)=0 @0 =0

Now, as we noted above when we were deciding which separation constant to work with we’ve
already solved the first boundary value problem. So, the eigenvalues and eigenfunctions for the
first boundary value problem are,

A, =[’1_”]2 ;g,é[x)qm(”ij #=123,...

The second differential equation is then,
2 2
dx L
@(0)=0

Because the coefficient of the ¢ is positive we know that a solution to this is,

Q?l[y):clcosh (MTy] +4 sinh(?]

In this case, unlike the previous example, we won’t need to use a shifted version of the solution
because this will work just fine with the boundary condition we’ve got for this. So, applying the
boundary condition to this gives,

0=g@(0)=¢,

and this solution becomes,

@(y) = ¢, sinh (?]

The product solution for this case is then,

m'[LJ”)=Bxsinh (miy]sin(ﬂﬁx] n=123__.
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The solution to this partial differential equation is then,

(%, ) :iﬁx sinh(m;y]sin (H E—xJ

#=1

Finally, let’s apply the nonhomogeneous boundary condition to get the coefficients for this
solution.

B3 [x,H): Fa [x) :iﬂx sinh (H?EH Jsin(mzx]
H=1

As we’ve come to expect this is again a Fourier sine (although it won’t always be a sine) series
and so using previously done work instead of using the orthogonality of the sines to we see that,

nmH 20t nax
Bmsinh( ]:—j j;[x)sin( J.:fx n=1275 ..
L L)y L

nAx

2 I
g8=— {
* Lsinh(T””H)L“ﬂ(x)sm[ L

We’ve worked two of the four cases that would need to be solved in order to completely solve
(1). As we’ve seen each case was very similar and yet also had some differences. We saw the
use of both separation constants and that sometimes we need to use a “shifted” solution in order
to deal with one of the boundary conditions.

].:I’x n=1273...

Before moving on let’s note that we used prescribed temperature boundary conditions here, but
we could just have easily used prescribed flux boundary conditions or a mix of the two. No
matter what kind of boundary conditions we have they will work the same.

As a final example in this section let’s take a look at solving Laplace’s equation on a disk of
radius a and a prescribed temperature on the boundary. Because we are now on a disk it makes
sense that we should probably do this problem in polar coordinates and so the first thing we need
to so do is write down Laplace’s equation in terms of polar coordinates.

Laplace’s equation in terms of polar coordinates is,
'I,I?Eu = li[r@]{-iﬂﬁ
rar\ @) e
This is a lot more complicated than the Cartesian form of Laplace’s equation and it will add in a

few complexities to the solution process, but it isn’t as bad as it looks. The main problem that
we’ve got here really is that fact that we’ve got a single boundary condition. Namely,
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ula 8)=7(8)

This specifies the temperature on the boundary of the disk. We are clearly going to need three
more conditions however since we’ve got a 2™ derivative in both r and &.

When we solved Laplace’s equation on a rectangle we used conditions at the end points of the
range of each variable and so it makes some sense here that we should probably need the same
kind of conditions here as well. The range on our variables here are,

D=r=a —re=8=r

Note that the limits on & are somewhat arbitrary here and are chosen for convenience here. Any
set of limits that covers the complete disk will work, however as we’ll see with these limits we
will get another familiar boundary value problem arising. The best choice here is often not
known until the separation of variables is done. At that point you can go back and make your
choices.

We now need conditions for »=0and &= xsr. First, note that Laplace’s equation in terms of

polar coordinates is singular at » = (i.e. we get division by zero). However, we know from
physical considerations that the temperature must remain finite everywhere in the disk and so
let’s impose the condition that,

[1£(0.8)] <eo

This may seem like an odd condition and it definitely doesn’t conform to the other boundary
conditions that we’ve seen to this point, but it will work out for us as we’ll see.

Now, for boundary conditions for & we’ll do something similar to what we did for the 1-D head

equation on a thin ring. The two limits on & are really just different sides of a line in the disk
and so let’s use the periodic conditions there. In other words,

u(-71) =u(zs) 2 (-me)= 2 (o)

With all of this out of the way let’s solve Laplace’s equation on a disk of radius a.

Example 3 Find a solution to the following partial differential equation.

?zuzli[ Eh]_'_lﬁ:[]

Far rg r ag
p (0,8)] <o0 u(a,8)= 1 ()
u (-8) =u(m) 2 (-mt)= 2 (me)
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Solution

In this case we’ll assume that the solution will be in the form,

1 (H,r) = .:;:?( 5‘) G(r]l

Plugging this into the periodic boundary conditions gives,

o(-) = o(m) D)=

|G|[U)|<m

Now let’s plug the product solution into the partial differential equation.

L2 (-2 (ple)ol))+ - s (ele)a (=0
[5)%;%[!"§J+G[ )%%:u

This is definitely more of a mess that we’ve seen to this point when it comes to separating
variables. In this case simply dividing by the product solution, while still necessary, will not be

sufficient to separate the variables. We are also going to have to multiply by # to completely
separate variables. So, doing all that, moving each term to one side of the equal sign and
introduction a separation constant gives,

2

Gar\ dr) @dd

We used A as the separation constant this time to get the differential equation for ¢ to match up
with one we’ve already done.

The ordinary differential equations we get are then,

2
ri[rﬁl—ﬂt?:[] 4P, Ap=0
dr, dr 48
dg dg
G (0)] <0 o(-m) =¢(m) —5 7= —5(7)

BT
Now, we solved the boundary value problem above in Example 3 of the Eigenvalues and

Eigenfunctions section of the previous chapter and so there is no reason to redo it here. The
eigenvalues and eigenfunctions for this problem are,

69


http://tutorial.math.lamar.edu/Classes/DE/BVPEvals.aspx#BVPFourier_Eval_Ex3

A, =»* @[5):sin[m5) n=1273 .
A, =n @ (8)=cos (v n=01273__

Plugging this into the first ordinary differential equation and using the product rule on the
derivative we get,

ri[rﬁ]—fﬁ:[]
arh, dr
a2 d
rlr—t+t— —# G =0
fr ar
.d'G 4G
F

_d 3 +r?—.’325=ﬂ
s ¥

This is an Euler differential equation and so we know that solutions will be in the form

G (r)= " provided p is a root of,

p[p—1)+p—n2: 0
PF-n=0 = p=tn w=01273,

So, because the » =10 case will yield a double root, versus two real distinct roots if » =0 we
have two cases here. They are,

Flri=c +elnr n=0
G[r:l:c_lr”+52r_” n=1273__.

Now we need to recall the condition that |G (D:'| <% Each of the solutions above will have

& (’:‘ —*% s » — () Therefore in order to meet this boundary condition we must have & =3 =0
Therefore, the solution reduces to,

F(ri=gqr" n=012,3..

and notice that with the second term gone we can combine the two solutions into a single
solution.

So, we have two product solutions for this problem. They are,
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un[é‘,r):ﬂxr”cos[nﬂj n=01273
w (8. r)=8 r"dn(nd) n=1273_.

Our solution is then the sum of all these solutions or,

u(8,7) =i A rfcos(n 5j+i B, r"sin(#8)

H=1

Applying our final boundary condition to this gives,

mw

ula,d)=f(8)=2"4,a" cos(n8)+ 5 B,a" sin(x 8)

#=l 2=l

This is a full Fourier series for J (5]' on the interval —r= & <, i.e. L=m. Also note that once
again the “coefficients” of the Fourier series are a little messier than normal, but not quite as
messy as when we were working on a rectangle above. We could once again use the
orthogonality of the sines and cosines to derive formulas for the 4 and &, or we could just use
the formulas from the Fourier series section with Z =z to get,

2T
Mo ]' u —
Aat= ;er[é?) cos (n8) d n=12,3,...
] ]. I .
Bat= ;[_ff(a) sin (#8)d8 n=123, .

A :g_[_ﬂf[ﬂjd&?
1 T
A=— | 7(8)cos(n8)ae n=12,3,...
B, = lmrf[é‘)sin[?ﬁ)dﬂ n=12,3,..
fl”

Prior to this example most of the separation of variable problems tended to look very similar and
it is easy to fall in to the trap of expecting everything to look like what we’d seen earlier. With
this example we can see that the problems can definitely be different on occasion so don’t get too
locked into expecting them to always work in exactly the same way.

71


http://tutorial.math.lamar.edu/Classes/DE/FourierSeries.aspx

Before we leave this section let’s briefly talk about what you’d need to do on a partial disk. The
periodic boundary conditions above were only there because we had a whole disk. What if we

only had a disk between say &= &= &,

When we’ve got a partial disk we now have two new boundaries that we not present in the
whole disk and the periodic boundary conditions will no longer make sense. The periodic
boundary conditions are only used when we have the two “boundaries” in contact with each
other and that clearly won’t be the case with a partial disk.

So, if we stick with prescribed temperature boundary conditions we would then have the
following conditions

4 (0.6)] <c

(a,8)= 78] =8= 8
ul[r,-::f :gl[r:l D=r=a
u[r, ,Sjl:g2 [r) D=pr=g

Also note that in order to use separation of variables on these conditions we’d need to have

£1 'If“) =& (*‘"]‘ = to make sure they are homogeneous.

As a final note we could just have easily used flux boundary conditions for the last two if we’d
wanted to. The boundary value problem would be different, but outside of that the problem
would work in the same manner.

We could also use a flux condition on the = boundary but we haven’t really talked yet about
how to apply that kind of condition to our solution. Recall that this is the condition that we apply
to our solution to determine the coefficients. It’s not difficult to use we just haven’t talked about

this kind of condition yet. We’ll be doing that in the next section.

Vibrating String

This will be the final partial differential equation that we’ll be solving in this chapter. In this
section we’ll be solving the 1-D wave equation to determine the displacement of a vibrating

string. There really isn’t much in the way of introduction to do here so let’s just jump straight
into the example.

Example 1 Find a solution to the following partial differential equation.
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32u 2 Ez.u

" ad
w(x0)=/(x)  (x0)=g(x)
ul[[],ﬁ):[] u[ﬁ.,.ﬁ):[]

Solution

One of the main differences here that we’re going to have to deal with is the fact that we’ve now
got two initial conditions. That is not something we’ve seen to this point, but will not be all that
difficult to deal with when the time rolls around.

We’ve already done the separation of variables for this problem, but let’s go ahead and redo it
here so we can say we’ve got another problem almost completely worked out.

So, let’s start off with the product solution.

b, (x,.t:l: -:;?(x:lﬂz [z)
Plugging this into the two boundary conditions gives,
(0)=0 @(L)=0

Plugging the product solution into the differential equation, separating and introducing a
separation constant gives,

2 (o)1)= 2 () 1(5)
o(n) 7 =)
1 d*h 1de_ 4

Fhdt @di

We moved the & to the left side for convenience and chose —.1 for the separation constant so the
differential equation for ¢ would match a known (and solved) case.

The two ordinary differential equations we get from separation of variables are then,
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We solved the boundary value problem above in Example 1 of the Solving the Heat Equation
section of this chapter and so the eigenvalues and eigenfunctions for this problem are,

war V' C(nmx
Akz[_] Q%[x):sm( 7 J n=1273__

L

The first ordinary differential equation is now,

a 2
d'h fam,
i L

and because the coefficient of the h is clearly positive the solution to this is,

£ i
Ezl[ﬁjl =z cos(m;c ]+c73 51 (HT ]

Because there is no reason to think that either of the coefficients above are zero we then get two
product solutions,

u, (r.6) = 4 cos[ﬂm'ﬁ]sm [?Eﬂ'x]

L
. .
u (x¢) =5 s1n[ ]sm

#

n=1273_.

=
g

[

The solution is then,

i RACL Y . [ BTX L famey . (adx
u[x,ﬁ)=§[ﬂwcos( 7 ]sm( 7 ]+5’xs1n[ 7 ]sm( 7 ]:|

Now, in order to apply the second initial condition we’ll need to differentiate this with respect to

t so,
%:i —Eﬂxsin H & sin nax +E3Hcos kil gin nar
& 05 L L L L L L
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If we now apply the initial conditions we get,

w

ot Gacetrel) o e

u=l n=l

%(x,0)=g(ﬂ'f)=z%g o (mﬁm]

H=l

Both of these are Fourier sine series. The first is for f(x:' on 0= x = I, while the second is for

g(x} on 0= x = L with a slightly messy coefficient. As in the last few sections we’re faced with

the choice of either using the orthogonality of the sines to derive formulas for 4 and &, or we

could reuse formula from previous work.

It’s easier to reuse formulas so using the formulas form the Fourier sine series section we get,

jf [ ].:ix n=123 .

XAae . BT
—5, xlsin dr m=123
z LLg[ ) ( ; ]
Upon solving the second one we get,
5 I
Aﬁ_j f[xjsin(”f‘]dx r=12,3,..

:_j ( ].::s:‘x n=123_.

So, there is the solution to the 1-D wave equation and with that we’ve solved the final partial
differential equation in this chapter.

Two dimensional wave Equation:

Examples of two dimensional waves:
Motion of a stretched elastic membrane such as a drumhead.

Two dimensional wave equation:

02u %u  9%u 5 T

— = — + — where c“ = —

at2 (6x2 + ) p
Solution of two dlmen5|onal wave equation (Using Double Fourier Series):
We know the two dimensional wave equation is

0%u 0%u 0%u T
Pyl (ﬁ + —) where c? = ; ............................................... [1
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And let its solution be u(x, y, t)
And the boundary conditions are

u = 0 on the boundary ofd the membrane forall t = 0 ..o, [2
The two initial conditions
u(x,y,0) = f(x,y) (where f(x,y) will be the given initial displacement) ............. (3
3}
6_1; = g(x,y) where g(x,y) will be the given initial velocity .........ccccourerrrennecn. [4
t=0

The solution u(x, y, t)means the displacement of the point (x,y) of the membrane from rest
(u=0)at time t.

Step-1:
Let the solution is U(X, ¥, t) = F (X, V)G (L) wercrrrrnerriereseieirie ettt e [5
Substituting the equation (5) in wave equation(1) we have
2
F(x,y) ZTS = c2(E,G + E,, G) where subscripts denotes the partial derivatives.
Dividing c?FG to both side we get
L
atz _ 2 - . . .
20 = F (Fex + Fyy) as it is a proportionality we can consider as a constant
A
a2 _ — 4,2
o= (Fx +E,y)=7% say

This gives two equations one is for time function G(t)

. 92%G 2
ie. ﬁ+l G=0 WhEre A = CY oo [6

and other is the amplitude function F(x, y)
ie. F., + Fyy + ¥?F = 0 (Itis called as Helmholtz Equation) ....................... [7

Now let us solve the equation (7) by variable separation method.

Let F(X,Y) = H(X)Q ()  orrcereeeiieseeesse ettt e ssssse st ses s s s st s sss s s snens (8
Substituting equation (8) in equation (7) we get

d*H d?Q 5
2= (H d_yz +vy HQ)
Now dividing HQ in the above equation we get
1 d?H 1 d?
= <H —+ y2Q>

H dx? ¢ Q\ dy?
As by this the separation is possible we can consider this as proportional constant as
1 d?H 1(d?
—_ e = _Q+.y2Q =_k2
H dx? Q \ dy?
From this we can yield two ordinary differential equation for H and Q as

d’H 277 _
ﬁﬁ'kH—O ..................................................................................... [9
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dQ 20 — 2 2 _ 1,2
dyz P?Q =0  Where P2 = ¥% — k% e [10

Step-2
The general solution of equation (9)is H(x) = A coskx + B Sinkx
The general solution of equation (10) is Q(y) = C cos py + Dsin py
Where A B C D are constants. which are to be determined due to boundary conditions.
In two dimensional wave for all time t > 0 the deflection u(x, y) = 0 .That means the
membrane is not vibrating at the boundary. As solution of F(x,y) = H(x)Q(y) says
solution about x,y we use the required boundary condition for xand y i.e.
H(0) =0, H(a) =0, Q) =0, Qb)=0
Using this boundary condition in the general solution H(x) we get
H(0)=ACos0+Bsin0=0=>A=0
H(a) = A coska + B sinka = 0= H(a) = 0+ B sinka =0 = B sinka =0

mm
If we take B # 0 then sinka = 0= k = o where m is an integer. Hence H,,,(x) = sanx

In similar fashion we can get solution for, Q(y) by using the corresponding boundary
condition Q(y) = 0, Q(b) =0weget Q,(y)= sinn%y
Hence the equation (8) reduces to the form

Enn(x,y) = Hy,(x)Q,(y) = sin== sin by for m and n are +ve integer ........co.ou..... [11

As in equation (60 and (100 we have con5|dered A = cy and p? = y? — k? then this two gives

2 2
A=cJkZ+p2 D A=A, =cn ’:—+Z—2 ......................................... [12

Hence using equation (12) in the solution of (6) we get
G (t) = Bypn€0SApnt + By Sindpnt
Hence as per the equation (5) the solution is

nmy

Umn (X, ¥, t) = (Bpyn€0SApnt + By SinAppt) sin% R R T——— (13
Step-3
Now using the Fourier series concept and initial velocity and deflection we get

mmx nmy

u(x,y,t) = Z Z Unn(x, ¥, t) = Z Z(ancoslmnt + By Sindppt) sin " sinT

m=1n= m=1n=
................................................... [17
Then for t = Owe have u(x,y,0) = Ym=12m=1Bmn sin% sinn% =3 L C757) P [18
Using generalized Euler formula for coefficient B,,,, we get
4 b ra . mmx . nmny
Bn = Efo Jy fOY)SIN== SIN==dXAY oot [19
0
Again using the condition = we get
at t=0
L 3 B A STt SINTZ = G(2, V) coreeeveesesees oo [20
at t=0 a b

Using generalized Euler formula for coefficient B,,,,,” we get
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*

4 b ra . mmx ., Ny
By = mfo J, 9(x, YISINT= SN "= AXAY oo [21
Ex: Find the vibration of a rectangular membrane of sides a=4ft and b=2ft. if the tension is

12.5Ib/ft, the density is 2.5slugs/ft’, the initial velocity is 0, and he initial displacement is

fx,y) =0.1(4x — x*)(2y — y*)ft
Ans:
We know the two dimensional wave equation is

mmx  nmy
u(x,y,t) = Z Z Upn (X, y,t) = Z Z(ancoslmn + By Sindpnt) smT sin—=

m=1n= m=1n=

For t=0 initial deflection is given as f(x,y) = 0.1(4x — x?)(2y — y?)ft and initial
velocity is zero.. So B,,,;,” = 0 Hence we have to find only B,,,,

5 jb a M Ty
mn = —7 ) f(x,y)sin " sin 5 xdy

z 4 mnx  nm
—j f 0.1(4x — x?)(2y — y?)sin—— sin—ydxdy
2), ), 4 2

1 r* mmx 2 nm
= _Of (4x — x?) sin de 2y —y?) sinTydy
0 0

Integrating both the integrals by parts we get
128
1~ (D" =

m3m3
16 32 .
e [1-(—D" = —.—5 Wherenisodd

1 256 32 d
20" m3m3 " n3n3 n

m2 n? n2
Amn=CTL’ /§+b—2= ’—+—

Again we can get the value of c from the formula c? = ; = E=

256

o where m is odd

The 1*'integral is

The 2" integral is

Hence Bpn =

Hence the solution is

256.32 1 X nmy
u(x,y,t) = ZmasoddZnasodd 3 Cos (57-[1/_"'_ Jtsin Sln_ Sln—

Ex:
Laplacian in polar coordinates:

In the discussion of two dimensional wave equation we have considered the rectangular
membrane with the boundary condition. Sometimes we come across the vibrating circular
membrane like drum heads. To discuss about circular membrane it is better to consider polar
coordinate form of the equation.

Conversion of laplacian to polar form:

0%u . 0%u

The laplacian is Viu = 322 + 7
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Let x = r cos@ Y =T SIMO et b s [*
ou _dudr , dudd
8x  orox ' 06 ox

= U, = U, T, + Uyb, as xis a function of two variables r and 6

Similarly again differentiating U, with respect to x we get

Uxx = (urrx)x + (u99x )x
=(ur)xrx + ur(rx)x + (ue)xex + u@(ex)x

d 00 0 or d
=\ — 7 + U7 —Ug— 0, + ugb
(6r Tax+ae ry ) xt rxx+(ar 09x T 90 40 5% ) + UpUax
=(Upp Ty + UrgOs )Ty + UpTix + (UpgTy + U Oy ) Oy + UgOyy vovnennn [
The above equation contains 1, 7, , 8, 0y whichare to be determined.
. . . * — 2 2 — -1 X
From the parametric form given in (*) we getr = \/x? + y? and 8 = tan -
or x X 1 y y
Hence — =1, = == and @ =—(——)=——
€ ox X [T x 1+(3’/x)2 x? r2
Again differentiating the above two equation we get
_r=xry 1 x?2 _ y? . 2 _ 2xy
he="art=ioh=h ad Gu=-y(-5)n=22

Now substituting all these values in equation (1) and assuming continuity of the 1°* and 2"
partial derivatives we have u,.9 = ug,, we get

x2 2
uxx=ﬁurr—2 yur9+ ugg +—ur+2—u9 .............................................. [2
In similar manner again we can find
2 2
Uyy = v urr+2 urg +—u99 +—ur—2—u9 ................................ [3

9%u  10u 1 9%u
or? T 6r 2002

0°u , 10u ., 1 9%u . d%u
Vzuz— —— 4
6r2+r6r+r2692+622
=Uypr + ;ur + r—zugg + Uu,,

Q: Show that an alternative form of laplacian in polar coordinate is

19 ou 1 9%u
V2y = ( ) 10u
T or or T 2 002

Circular Membrane ( Use of Fourier-Bessel Series):

Two dimensional wave equation in polar form is
0%u 0%u  10u _ 1 0%u
Y LT a1
at? ror 1?2062
It’s solution means we have to find the deflection u(r, t) that are radially symmetric ,that do

not depend on 6. So the equation reduces to
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Tu_ o (u 100 1
50z = oz T gy ) [
The boundary condition is
u(R,t) =0 fOrallt = 0 e e e [2
u(R,0) =f(r) initial deflection f(r) ... 3
% =g(r) where initial velocity g(r)(r) .ccceeevennierece e 4
t=0
It's solution is u(r, t) = Wy, (r)Gy (t) = (ay, cos At + by SinApt) Jo(Km?)  coeveeveevnevrienne. (5
2 R m
Where U = s Jo TFo (a?r) dr

Ex. Find the vibration of a circular drumhead of radius 1ft and density 2 slugs/ft’ if the
tension is 8lb/ft, the initial velocity is 0, and initial displacement is f(r) = 1 — r2.

T 8
Ans c% = ; =E=4 Also b,, = 0. Since the initial velocity is o and R=1

2 R .
2 1
= Pam fo r(1 —r?®)Jo(ay,r)dr

4](am) — 8
arznhz (am) a%@]l (am)

Ja(em) = o1 (@m) = Jo(am) = 7 J1 ()
Laplace’s Equation in cylindrical and Spherical coordinates:

Laplace equation in in three dimensional coordinate system is
0%u . 0%u  0%*u
2 = T Oy U 1
VU= 5+ 0t 55 =0 [

= V2U = Uyy +Uyy + U, =0

This equation has great application in physics and engineering. The theory of solution of
this equation is called potential theory. The solution of equation (1) that have continuous 2"
order partial derivatives are called harmonic function. Generally this equation come across in

gravitation, electrostatics, steady state heat flow, and fluid flow.
Laplacian in cylindrical coordinates:
In cylindrical coordinate system we consider x = r cos6 y =71 sinf and z=2z
Already we have derived the laplacian in polar coordinate in two dimensional as
Viu = az_u + la_u + laz_u
or? ror 1?0602
Then just by adding the component for z coordinate we get laplacian in polar coordinate in
three dimension as
0°u . 10u ., 1 8%u 0%u
Vzu =m ;E-I_T_Zm-'-ﬁ .................................. [2
Laplacian in Spherical Coordinates:
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Spherical symmetry (a ball as region T bounded by a sphere S) requires spherical
coordinates r, 6, @ related to x,y,z by
X =1 cosl sin®, y=rsinfsin®, z=r cosP
Then using the chan rule and proceeding as two dimensional case we get the laplacian
in spherical coordinates is
0°u  20u ., 1 0%u . cot®ou 1 9%u
Viu = ar? t r or T 2 02 T r2 00  r?sin?@ 062
This equation can also be written as
2_1[6(26u) 16( ) 1 0%u
= —|—(1r¢°— _
Viu r2 lor or T sin® 09 sing® sin%@¢ 062
Solution of partial Differential equation by Iaplace Transform.

Laplace transform can also be used to solve partial differential equation. As Laplace transform is

defined only for t > 0 it can be applied to partial differential equation when one of the

independent variables ranges over the +ve axis

Working procedure to solve a PDE by using LT:

Step-1 take laplace transform with respect to one of the two variables, usually t. This gives an
ordinary differential equation for the transform of the unknown function.

Step-2 Solving that ordinary differential equation, obtain the transform of the unknown
function.

Step-3 Taking the inverse transform , obtain the solution of the given equation.

Ex. Solve the PDE by using LT

—+2 f’y—2x u(x,0) =1, u(0,t)=1

Ans:
Step-1 Taking the LT of both side we get

L (3_1;) +L (Zx‘;—’:) S A Q%S T [1
du ou
Let us denote L{u(x, t)} = U(x,s) and L (a) = ——also we use the LT of
derivatives as L {%} = sU — u(x, 0) now using all this condition to equation (1) we get

au 2x
£+2X(SU—1)—? .................................................................... [2

2x

> L oxsU—2x =&
o0x N
ou 1

=+ 2xsU = 2x(1 + ;) ............................................................... [3

This involves partial differential equation w.r.t only one variable. and hence it is a linear
differential equation.

So the integrating factor IF =gf 2xsdx — gsx®

So the solution of equation (3) is

UUF) = [(IF)2x (1 + i) dx + c(s) where c(s) is a constant of integration
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= Ues®’ fesxz. 2x (1 + i) dx + c(s)
= <1 + %) f es¥* 2xdx + c(s) = (s + %) (esxz/s) + ¢(s)
= U(x,s) = (S + Slz) + e‘sxzc(s) ........................................................................... [4
Given that u(0,t) = 1 = L{u(0,t)} = L{1} = U(0,s) = %

1 1
So equation (4) gives =S + = + c(s)

1 1 1
= = - — __— - — —
c(s)=-—s—5=cs) >
+1 Cox2 1
Using equation (4) gives U = Ss—z + e X (— 5_2)

2
s+1 e sx 1 1 e S%
= U(X, S) = S_Z = -

Taking the inverse laplace transform we get
Ulx,t) =1+t +yu(t —x?)

COMPLEX NUMBERS AND FUNCTIONS, CONFORMAL MAPPING

12.1 Complex number, Complex plane

A complex number is a number that can be expressed in the form a + bi, where a and b are real
numbers and i is the imaginary unit, that satisfies the equation x? = —1, that is, i? = —1. In this
expression, a is the real part and b is the imaginary part of the complex number.

The real number a is called the real part of the complex number @ + bi; the real number b is called
the imaginary partof @+ bi. The real part of a complex number zis denoted by Re(z); the
imaginary part of a complex number Z is denoted by Im(z) . For example,

The set of all complex numbers is denoted by C or {C.

A complex number can be viewed as a point or position vector in a two-dimensional Cartesian

coordinate system called the complex plane or Argand diagram
Im

Two complex numbers are equal if and only if both their real and imaginary parts are equal.
The complex conjugate of the complex numberz =x +yiis defined to bex—vyi. It is

denoted orz*.

Formally, for any complex number z:
(atbi) + (c+di) = (a+c) + (b+d)i
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Example: (3+2i) + (L + 7i) = (4 + 9i)
(atbi) - (c+di) = (a-c) + (b-d)i
Example: (3 +2i) - (1 + 7i) = (2 -5i)
(atbi)(c+di) = (ac-bd) + (ad+bc)i
Example: (3 + 2i)(1 + 7i) = (3x1 - 2x7) + (3x7 + 2x1)i = -11 + 23i
a+ib (a+ib)(c—id)
c+id (c+id)(c—id)

Example

2+ 3i
4 - 5i

Multiply top and bottom by the conjugate of 4 -5i :

2+i3 _ (2+4i3)(4+i5)
4—1i5 (4—i5)(4+i5)
And then back into a + bi form:

-7 .22
41 41

Polar form of a complex numbers, powers and roots
Polar Form of a Complex Number

complex numbers in terms of a distance from the origin and a direction (or angle) from the
positive horizontal axis.

i
®x +pjf

¥

* R

X

We find the real (horizontal) and imaginary (vertical) components in terms of I (the length of the

vector) and &(the angle made with the real axis):
From Pythagoras, we have:r? = x? + y?2 and basic trigonometry gives us:
tan 6=>

r is the absolute value (or modulus) of the complex number
6 is the argument of the complex number.

Example 1

Find the polar form and represent graphically the complex number 7-5j.
Ans)
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We need to find I and 6.

r=lz| = m =74 9 =Arg(z) = tan™? (%) =tan™! (_75)

at

f\f}'=324.5
i

De Moime's Theoem:  [7(c0s 8 +isind)] =r"(cosnf +1sinn8)

Emsmple 1: 1+1 [-J— £+:L£]]

5 17
= 1.-":T n:ns— iSillE]]
[ Py
! T Tx
= J:T?(n:ns— isj.u—]
o) PR

Ermple 2: " - [1|:EI + h:ITB

T .

™ X Sm . S=m

=|l cos— +isin— or |1l cos — +15in—
2 2, 2 2,

. 5 Sxr
_lm[cnsEnsm ] ar 1"3(ms?“+ism?“] ar ll‘g(cns—mnsmﬂl

= =

L= 5 TN

( 9 . 9x
¥ 1cns—+1smn—]

- -

= —+- oF -—+=i af -

Fundamental Theorem of Algebra.

Let z =r (cos O + i sin 0) be an arbitrary complex number. Then the n nth roots w of z are each
of the form

w = "\r {cos [(0 + 2ztm)/n] + i sin [(0 + 2nm)/n]}
where m is an integer ranging from 0 to n-1.

Example 1: Compute the two square roots of i.

Solution: It is easy to see that i has the polar form cos /2 + i sin @/2. Thus, by Lemma 6.6.4, its
square roots are cos /4 + i sin /4 = \2/2 + \2/2 i and cos 3/4 + i sin 3w/4 = -N2/2 - \2/2 i.
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Example 2Compute the three cube roots of -8.

Solution: Since -8 has the polar form 8 (cos m + i sin =), its three cube roots have the
form V8 {cos[(n + 2xm)/3] + i sin[(x + 2xm)/3]} for m=0, 1, and 2. Thus the roots are 2 (cos /3
+isinw/3)=1+31,2 (cosn+1isinm)=-2, and 2 (cos 5n/3 + i sin 5n/3) =1 -3 i.

Derivative analytic function

Differention

Using our imagination, we take our lead from elementary calculus and define the derivative
of f(z) atz, , written f'(z,) , by

£ (zy) = lim S ECE)

LR E - T, ,

provided that the limit exists. If it does, we say that the function £ (21 is differentiable at 2o . If we
write &2 =2Z-2Zy

then we can express

fizy+42) - £ (=
£' {zy) = j-imu (Zq + ; [Za)
Y =4
dur

If we let W=L(2) and 4w==£(z)-f(Za) then we can use the Leibniz's notation dz for the
derivative:

dur . Aw
f! (Zu) = — = lim —
d Azl Amo

Explore the Derivative.

Example: Use the limit definition to find the derivative of £ (2} = 2"
f(2)=z> at z=z,
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£iz) - £ (=)

£' (4] lim

T 5 E - Iy
A

= lim
TaZ) I - £y

(zf + zzy + 251 (2-24)

= lim
LR Z - Ty

= lim (zi+ Z =y +z§j
LR

i i
[(Zy+ E0Zp+ Ey)

= 32%

Example 3.2. Show that the function £ t2) = is nowhere differentiable.

Refer [page no- 667 in kreyszig]
ANALYTIC FUNCTION
A function f(z) is said to be analytic in a domain D if f(z) is defined and differentiable at all
points of D. The function f(z) is said to be analytic at a point z = z, in D if f(z) is analytic in a
neighborhood of z, .
Def (Entire Function). If f(z) is analytic on the whole complex plane then f(z) is said to
be an entire function.

Points of non-analyticity for a function are called singular points.

Most special functions are analytic (at least in some range of the complex plane). Typical
examples of analytic functions are:

1) Any polynomial (real or complex) is an analytic function. This is because if a polynomial
has degree n, any terms of degree larger than n in its Taylor series expansion must
immediately vanish to 0, and so this series will be trivially convergent. Furthermore,
every polynomial is its own Maclaurin series.

2) The exponential function is analytic. Any Taylor series for this function converges not
only for x close enough to x, (as in the definition) but for all values of x (real or complex).

3) The trigonometric functions, logarithm, and the power functions are analytic on any open
set of their domain.

Typical examples of functions that are not analytic are:

1) The absolute value function when defined on the set of real numbers or complex numbers
IS not everywhere analytic because it is not differentiable at 0.Piecewise defined functions
(functions given by different formulas in different regions) are typically not analytic where the
pieces meet.

2) The complex conjugate function z — z* is not complex analytic, although its restriction
to the real line is the identity function and therefore real analytic, and it is real analytic as a
function from R2 to R2.
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Cauchy Riemann equation, Laplace equation
Cauchy-Riemann Equations.
Recall the definition of the derivative of a function f(z) ata point z,

f(zo+Az) —f(2p)
Az

fI(ZO) = limAz—>0

Denote: z = x + iy, Zy = Xo + iy, Az=px+iny and  f(z) =u(x,y) +iv(x,y)
Xo Wherey, , Az ,Ay ,u(x,y) and v(x,y) are real.

W
Ay [ I, tAz
I
|
I
Az= Ax+i Ay !
Ay :
|
I
Yogl---=-== |
e |
I I
I I
(i} I 1 x
Xg Xgthx
-_— Ay —

Suppose that Ay = 0 ; thus we have:

=) = &]'FEQ[R(IQ +Az,yo) +2v((zo+ ﬂtz,zyg)] — [u(zo,%0) + 2v((z0, 0]

Lim “Zo+ AZy0) —u(zo,w) | oy v((Zo + AZ,y0) — v((Z0,%0)

Az—0 Az Azl Az

=z (Zo,Yo) + Wz (Zo,¥0)

Suppose that Az = 0 ; thus we have:

r 1 [‘H[Iu,'yn +—ii‘y)+w[|:fﬂusyu+iy)] _ [ﬂ’[IUfyU) +'E:1J[[101y0)]
f [z,:,) —&];JEG Ay

_ i 2(Z0o¥0 + AY) —u(zo,w0) | o 2((Zos%0 + Ay) — 2 (20, ¥0)
Ay—0 1Ay Ay—0 Ay

= —tuy (o, Yo) + vy (To, ¥0)
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Hence we have the so-called Cauchy-Riemann Equations:

Ju _ B
Sv _ _ Bu
9z — By
which can be wriiten in the following form, with a notation frequently used in Calculus:
Uy = Uy
Uy = Tz

If f(z) =u(x,y)+iv(x,y) is derivable at 2z, =x, + iy, , then u and v verify the
Cauchy-Riemann Equations at (xg, vo) -
Example Let (z) = z% . As a polynomial function, f(z) is derivable over the whole of T .

Let us check the Cauchy-Riemann equations. Denote = x + iy x,y € R . Then we have:
fR)=(z+w)’=2"-y"+ 2zy
—_— —_——
=u(z,y) =v(z,y)
It follows that:
Uy, = 2T =1,
u, = —2y = —2u,
at every point in the plane, i.e. Cauchy-Riemann equations hold everywhere.
Example Letf(z) =|z|> .If z=x+iy x,y€R then:

flz)=z"+y =z 4y +2- O

ufz,y) v(zT,y)

Uy = 2T
Let us check at which points the Cauchy-Riemann equations are verified. We have:
Uy =2y vy =10 vy, =10
: : and .Cauchy-Riemann equations are verified if, and only
2z =10
|w=0_ z=y=0 . f . o i
if, ,l.e. — . Theonly point where _ can be differentiable is the origin.

There is a kind of inverse theorem:

Theorem If f(z) = u(x,y) + iv(x, y) verifies the Cauchy-Riemann Formulas at z, and if the
partial derivatives of « and v are continuous at (x,, y,) , the f is derivable at z,and
f'(20) = uyx(x0, ¥0) + vx(x0, ¥0) -
flz) =2 - _ fllz) =2z
Example Let ; the function — is derivable at any point and .
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fla)=(z+w)*=2" -y’ + 2zy
—_——

=1z +1y up =2z uy = —2y
If ve =2y , vy theély =z ¥) w=y) Then: ,
, and . These partial derivatives verify the C-R equations.
f
By that way, we have a new proof of the differentiability of — at every point.
flz) = zlz|? zeC _ '
Example Let , for any . We work as in the previous examples:

f2) = (z+w)(z* +97) = (2" + zy7) +3 2y +¢7)

=u(z.¥) =v(z,y)

We compute the first partial derivatives:

= 3z2 2 =2
Ug -+ y ] Vg ff!u" )
u, = 2zy vy = = 4 3y°

We solve Cauchy-Riemann equations:

92 4 o2 = 22 4 Fo2
Ay =+ = [z=0 or y=o0]
2zy = —2zy

f

The subset of the plane where — can be differentiable is the union of the two coordinate axes. As the

f

first partial derivatives of u and v are continuous at every point in the plane, — is differentiable at
every point on one of the coordinate axes.

Cauchy-Riemann equations in polar form:

Instead of

f(z) = u(z,y) +iv(z,y)

flz) =ulr,8) +2u(r,8) z=1 +1y =r(coef +zeinf)
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Geometry of analytic function conformal mapping

A conformal mapping, also called a conformal map, conformal transformation, angle-preserving
transformation, or biholomorphic map, is a transformation w = f (z) that preserves local angles.
An analytic function is conformal at any point where it has a nonzero derivative. Conversely, any
conformal mapping of a complex variable which has continuous partial derivatives is analytic.

For example, let

w[z}=Az”=Ar"f'”E_.
the real and imaginary parts then give

d=Arcosind
W=A¢ sinind.

Forﬂ——i,
f=A

— cos (28

E ()]
b= A

-— 28,

rzsmt I,
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For H=—1,

A A
@ = —cos6 and Y = ——sinf
r r

This solution consists of two systems of circles, and @ is the potential function for two parallel opposite
charged line charges .

Exponential function , Trigonometric function, Hyperbolic function,
logarithimic function

The Complex Exponential Function
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Recall that the real exponential function can be represented by the power

=1

&" = Z— w"
series = ' Thus it is only natural to define the complex exponential &, also
written as =xp (z) | in the following way:

Def(ExponentiaIFunction).

The definition of exp(z)

1
exp (21 = BT = — ="

|
n=l n:

Clearly, this definition agrees with that of the real exponential function when z is a real
number.

properties: The function exp (2) =" js an entire function satisfying the following conditions:

2 eXp (2] = exXp (2] = &°

(). 4= , using Leibniz notation
d
— % ="
d=
(ii). =xp (21+2;) =exp (1) exp (2:) | jg, E2F=eTe™

(iii). If & isareal number, then
e'%=cos8+13ing

The exponential function is a solution to the differential equation £' (z) = £ () with the initial
condition £ (01 =1,

We now explore some additional properties of

exp (2] = "

(l) I:Es-pii:n.:ﬂ: =" ’

for all z, provided n IS an integer,
(i) e*=1 jf and only if ==%2Zn7 where nis an integer, and
(iii) e =e™ jfandonlyif z:=zi+12nm  for some integer n.

SLa (T

E le 1 . ) Zp = 2 + 1 ( + n?r] )

Xample 1. For any integer n, the points are mapped onto a single
point
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W = E™ = exp (2]

= Exp’§+1(l T +2n71:”

= 't [Eu:us ( il +2n;'r) +J'151r1(ll?T +2n;'r”

1l = 1l
= gt (u:u:us + L s3in —)
3]
3 1
- pHE 5 T pSe
2 2

3.022725669058 - 1.74517147875 1

in the w plane, as indicated in Figure 1.

Figure 1 The points 'Zn! in the z plane (i.e., the xy plane) and their image ™1 = £%P (Zn) in the w
plane (i.e., the uv plane).

Let's look at the range of the exponential function. If Z=% +1¥  we see from identity that =" can

= . . . .
never equal zero, as ® s never zero, and the cosine and sine functions are never zero at the same
. E . . . . ig
point. Suppose, then, that =% #0 |f we write w in its exponential form as ¥=#/€®
, identity gives

,DIEI':I:[EK |:E11"r

Using identity, and property "= E" and f=¥+ana ,where n is an integer.
Therefore, o= | &% | =&"
and ®Earg (&) = {Arg (e") + Zn: nis an integer}
Solving these equations for x and vy,

yields

x=1np gnd Y=¢+2n;'1:'
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where nis an integer. Thus, for any complex number ¥# 2 there are infinitely many complex
numbers Z =% +1¥ such that "=%"_ From the previous equations, we see that the numbers z are

Z=Xx+Ay=1lnp+ 1 (pd+2nm)

or
Z=1n | w| +L (Argw+ 21T ,

where n is an integer. Hence

1
=]

exp(ln | w| +1 (Argw+ Znot) ]

[Eln ||+ (Brged nm

. =
In summary, the transformation =&

maps the complex plane (infinitely often) onto the set of non zero complex numbers.

If we restrict the solutions in equation.so that only the principal value of the

. . _mT _ o ®4lY .
argument, —T=ALIW=T i ysed, the transformation ¥=%& =€ maps the horizontal

strip {0¥, ¥l 1 - < ¥=7} one-to-one and onto the range set == 1{W: W0} This strip is called
the fundamental period strip and is shown in Figure 2.

Figure 2 The fundamental period strip for the mapping ¥ = &° = exp ()

The horizontal line Z=t+1b for -=«t=<® 5 the z plane, is mapped onto the
" o
ray W= "€ = &°(cosb+dsinb) that is inclined at an angle ® =Y in the w plane. The vertical

segment Z=8+18 for -T«E 57 jn the z plane, is mapped onto the circle centered at the origin
a a _i& a -
with radius ®° inthe w plane. Thatis, ¥ = ®*&'% = & (cos&+1sing)

Example 2. Consider a rectangle R={(x,¥)rasxsbandcsyzd} \here -T=<c=dzm

. Show that the transformation ¥=&"=&"*"" maps the rectangle F onto a portion of an annular

region bounded by two rays.

Solution. The image points in the w plane satisfy the following relationships involving the modulus and
argument of w:
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et o [T s [ YL

o= Arg |[cE”+i':I| = Ar (m”i"j = hrg |[rc|3"""i d]| =d

’

iil_ a b
which is a portion of the annulus fpe’®:etspse’] 1 the w plane subtended by the

rays ®=cad p=d |n  Figure 3, we show the image of the rectangle

- ]
R*:{Ex;yj: “lzx=z=1 and Ti}*i E}

..<
i3
Ll |

w
|
L

L)

Figure 3 The image of R under the transformation W = &" = exp (2]
Trigonometric and Hyperbolic Functions

Based on the success we had in using power series to define the complex exponential , we
have reason to believe this approach will be fruitful for other elementary functions as well. The
power series expansions for the real-valued sine and cosine functions are

. RS
sn ) = 2 enenr
n=t , and

=

( :I Z (_ljnxi:n
cos [X) = EEE—
(Zm) |

=l
Thus, it is natural to make the following definitions.

Definition. The series for Sine and Cosine are

e R R L. £ Yu ]
zin (2] = b=

[(2n + 13!
=l * , and
= (_ljnzin
cos (2] = W

=
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Clearly, these definitions agree with their real counterparts when z is real. Additionally, it is
easy to show that =os (z) and sin (2) are entire functions.

With these definitions in place, it is now easy to create the other complex trigonometric
functions, provided the denominators in the following expressions do not equal zero.

ginz COZE 1 1
L tanz = cotz = — SeCEZ = CECEZ =
Definition . cosE | zin = cosz | and

zine |

d
. . . . — 2in (2] = cos (=)
5in (z) gnd c©93 (Z) are entire functions, with dz

and % cos (2] = - 3in (=]

We now list several additional properties, For all complex numbersz,

3in (-2)1 = - 3in (=)

cas [-2) cas (2]

(cosz)® + (sinz)

For all complex numberszfor which the expressions are  defined,

d H
— tanz = [SecEzl’,
dz

d £
— CoLEZ = - [(E3CE2),
d=

d

— ZECEZ = SECE Lan sz,
dz
— C8CZ = -0tz cace.
dz

To establish additional properties, it will be useful to express ==z and sinz in the Cartesian
form u+1w,

&% = cozz + 1sins
b

for all z,
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Whether z is real or complex. Hence, &% = cos(-z) +isin(-z) = cosz - 1sinz

IEIB +|E—15
Co3 2 =
2 o
) [EIB _ I:E—ls
S1nz = -
21
W W

EE]

Figure The mapping w=u+iv=sinz,
These equations in turn are wused to obtain the following important identities

zinz = 2in(x+1¥) = sinxcoshy + ZI'].I:I:IS:-CSiI]hY’

COSEZ = CO3 [(X+1¥) = cosxcoshy - isinxsinhy |

If =z z.and 22 are any complex numbers, then

Zin (21 + 25 Zin (21) cos (23] + cosgpsine;,

Cos (21 +Z;] = CO2 [(21) Ccos8 (2;) - Zing; sing;,

gin(éz) = 28inecosz,

cos [2 2] (cos zj2 - [(sin =) 2,

sin(%+z:| = 3in (%—z] = Cco3z.

A solution to the equation £z} =0 js called a zero of the given function f. As we now

show, the zeros of the sine and cosine function are exactly where you might expect them to
1

be. We have =inz=10 jff z=n=m wherenis any integer, and c°sz=10 jff i (m E] 7

, Wheren is any integer.

We show the result for ==z and leave the result for sinz 3s an exercise. When we use
Identity ca3z2=10 jff

0 = cogxcoshy - 13inx sinhy
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Equating the real and imaginary parts of this equation gives

O=coaxcoshy gnd 0O=sinxainhy,

The real-valued function cosh yis never zero, so the equation U=cesxcashy jmplies

1
that ©=ce3x  from which we obtain e (m E] " for any integern .

= ¥+1¥ = (n+%);ﬂ:+1

Using the values in the equation 0 =sinxsinhy yijelds

0= sin [[n+ é] 7] sinhy = (-1)7 sihy

1
which implies that ¥=9, so the only zeros for =22z are the values i (m E) " for n an
integer.

What does the mapping ¥=35inz |Jook like? We can get a graph of the
mapp|ng W=3Sinz=3in X+ 1Ly =sinxcoshy+ Lcosx sinh ¥y by using parametric

methods. Let's consider the vertical line segments in the z plane obtained by successfully
m ka

setting ~ z 1z for k=01, .1z and for eachxvalue and lettingy vary

continuously, #=¥= 3, In the exercises we ask you to show that the images of these vertical
segments are hyperbolas in the uv plane, we give a more detailed analysis of the

mapping ¥ = sinz,

w w
3 10
2
5
1
® u
- il -0 10
2 » 2
5
L2
L3 -10

Figure Vertical segments mapped onto hyperbolas by  =3inz

. 2in (X + 1 ¥ sinxcoshy + Lcosxsinhy
tanz =tan (X+1¥) = - = — -
cos (X + 1Ly cosxcoshy - Azinx sinhy |

If we multiply each term on the right by the conjugate of the denominator, the simplified result
IS

cos3¥ 3inx + Lcoshysinhy
tanz =

cosi xcoshivy + 3iniw zinhi v
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We leave it as an exercise to show that the identities cosh’¥-sinh®y=1
and sinhZy=2coshy=sinhy can be used in  simplifying  Equation to  get

sin (2x) . 3inh (2 ¥)

tan ez = + 1
cos [(2x)1 + cosh (2 ¥) cos [2x) + cosh (2¥)

As with sinz we obtain a graph of the mapping = tanz parametrically. Consider the
Tk

vertical line segments in thezplane obtained by successively setting =~ 4 ' 16

for k=0.1, ..8 and for each z value letting y vary continuously, #=¥= 3. In the exercises
we ask you to show that the images of these vertical segments are circular arcs in the uv plane, as

Figure investigation of the mapping ¥ = tanz,

v W
s 1

=3

10

&4
FNE]

Figure Vertical segments mapped onto circular arcs by # = tanz,

Definition complexhyperbolicfunctions

1
coshz = — (¥ + &™)
2
. 1l
sinh z = E (" -®™ ")

With these definitions in place, we can now easily create the other complex hyperbolic
trigonometric functions, provided the denominators in the following expressions are not zero.
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Definition Identities for  the hyperbolic trigonometric functions are

zinh =
tanh z = .
coshe
coshe
cothz = — .
zinh =
1
sechz = .
coshe
1
ciche = — .
zinh =

The derivatives of the hyperbolic functions follow the same rules as in calculus:

d d

— coshz = 2inh =, and — Sinh=z = coshez,
dz d=z

d z d i
— Tanh z = =zech’ =, and — cothz = -cach™ =z,
dz dz=

d d
d—sechz: -gecheTanhz, and d—u:su:hz: -cachezcothe.
z z

The  hyperbolic cosine and  hyperbolic sine can be  expressed as

coshz = cosh (Xx+1¥%) = cosy coshx + Lsinhxsiny

ginhe = ginh (X+141¥) = sinhxcosy + Lcoshx 2iny
Some of the important identities involving the hyperbolic functions are
Complex Logarithm function

In Section 1, we showed that, if w is a nonzero complex number, then the equation ™ =2" has

infinitely many solutions. Because the function £ (2)=2" is a many-to-one function, its
inverse (the logarithm) is multivalued.

Definition . (Multivalued Logarithm) For z# 2, we define the function 129 (z) as the
inverse of the exponential function; that is,

Lo

logfz)=w jfandonlyif z=&",

w= logiz) = 1ln| = | +:|'1.E'1 for =z=#0
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where #=arg(z) gnd 1nlz| denotes the natural logarithm of the  positive
number |z|. Because =2rd(z)] is the set arg(z) = {irg(z)+2Znm: wherenisanimtegerl we can
express the set of values comprising 129 iz} as

log(2) ={1ln| 2|+ (Arg (8] +Znm) : Whﬂrenisanmteger}’

or
logiz)=1n|z|+diarg(z) for z#0

Recall that Arg is defined so that for z#0, we have -7 < irgiz) == \We call any one of
the values given in ldentities of a logarithm of z. Notice that the different values of 1og (z) all
have the same real part and that their imaginary parts differ by the amount == where n is an
integer. When = =10 we have a special situation.

Definition . (Principal Value of the Logarithm) For =z#2, we define the principal
value of the logarithm as follows:

logigl=1ln|z | +14rgiz) where || = 0 gnd -7 « &rg (2) = 7

The domain for the function ¥ = £(z) =Log (2) js the set of all nonzero complex numbers in
the z-plane, and its range is the horizontal strip {w: -7 < In (w) = 7} in the w-plane, and is
shown in Figure 5.A. We stress again that Lea (2] js a single-valued function and corresponds
to setting n=0 in equation. As we demonstrated in Section 2, the function A&raiz) js
discontinuous at each point along the negative x-axis, hence so is the function Leg (z) . In fact,

because any branch of the multi-valued function rg (=) s discontinuous along some ray, a
corresponding branch of the logarithm will have a discontinuity along that same ray.

Figure The principal branch of the logarithm w = Log (),

A phenomenon inherent in constructing an logarithm function: It must have a
discontinuity! This is the case because as we saw in Section 2, any branch we choose
for =rgiz) js necessarily a discontinuous function. The principal branch, Leg (=) | js
discontinuous at each point along the negative x-axis.

Example. Find the values of
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Log(l+3d) and log (l+3)
Solution. By standard computations, we have

log(l+d) ={ln|1l+3 |+ 1 (hrg (1+1) + 21n) @ where nis an integer

= {lnﬁ+ 1[% +2n;r] : Whﬂrenisaninteger}

and
log (R) = {ln| 3 | + 3 (Arg (1) + Znar) @ where nis an integer}
= {Zﬂ. (E +2n;'r) : where nis anmteger}
2
The principal values are
1lnz
Log(l+ed) =Ilnv 2 + 1o = % 4 42
4 2 4
and

iy
Log (1) = :I'].E

Extra Example 2. The transformation w = Log(z) maps the z-plane punctured at the origin
onto the horizontal strip in the w-plane.

We now investigate some of the properties of log(z) and Log(z).
exp (Logz) = 2 forall z~=0
and Log (exp =) = = provided -7 = Arg (2] = T

and that the mapping w = Log(z) is one-to-one from domain T'=1{z: |21 =0} in the z plane
onto the horizontal strip {w: -7 < In (w) = 7} in the w plane.

The following example illustrates that, even though Log(z) is not continuous along the
negative real axis, it is still defined there.

Example. ldentity reveals that

(a) Log (-e)

In|-e| + 1Argi(-e) = 1+ :|'1’ and

(b) Log (-1)

In|-1] + 1 Arg¢-1) = i

When z=x+10 where x is a positive real number, the principal value of the complex
logarithm ofzis

Log(x+20) = Inx+1LArg (x) = lnx+10 = ln:-:’

where *= U, Hence Log is an extension of the real function In(x) to the complex case. Are there
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other similarities? Let's use complex function theory to find the derivative of Log(z).
When we use polar coordinates for == re'” £ 0

Log |{r uaiﬂj

Log (2]

In | rceiel + L Arg (rmiej

Inr + 18, forr-=0and -m « 8 ==

=U(r,8) +1V(r, &

where U(r, &) =1lnr ad ¥V ir, & =& Because &r¥ () js discontinuous only at points in its
domain that lie on the negative real axis, U and V have continuous partials for any point (r. =

in their domain, provided re'® is not on the negative real axis, that is, provided -7 <& <7
(Note the strict inequality for here.). In addition, the polar form of the Cauchy-Riemann

. . R . . Ur(r.rej =i.r U@(I,E:I =|:|.r ‘i,i"r[:]:‘rﬁj=|:|; V@(]‘Z,E]:l -
equations holds in this region, since r it

follows that
1 1
Tk, 8) = — = —Vs(k, B8]
r

and
Ta (X, 5]

1]
=
1]

-1
_D=__vr|:r.rej
r r

d L _ia .
= oy [zl = E (U (r,8) +1 Ua (¥, B))

—iegd _ 1
= IIEIEIZ¥ +|:|ZI].:| = r,Eiﬂ

1
E

provided t=0mamd -7 <& <« Thys the principal branch of the complex logarithm has the
derivative we would expect. Other properties of the logarithm carry over, but only in specified
regions of the complex plane.

Example . Show that the identity Leg(zi2:) = Log(z1) + Log (2:) js not always valid.

Solution. Let Z1=-+3 +iand 23 = -1+143  Then

Lu:ug[l[—ﬁ +J'1.]| |I—l+:|'1ﬁ]l]

-
Log (-41) = I1nd + jT

Log (21 2¢)

m
Ind - 1 —
2
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but

T 3
. Ind -1 —=z1lnd + 1 —
Since z z

this is a counter example for which

Log (21 2;) & Loy (1) + Log (2] |

(i) The identity Log (z1z:) = Log (z1) + Log (2:)  holds true if and only
if -7 <Arg(z)) +Arg (z;) =

(if) Let z1andz: pe nonzero complex numbers. The multivalued function leg (2} obeys the
familiar properties of logarithms:
log (zy2:) = log (21) + log (2g)
Log [3] - log (z1) - log (z:)
z; , and

.o o 2m
Log (Z1) + Log (24 (Lug[2]+1T)+(LDg[2]+1T)

2 Log[Z] 1(5I EH)
= + _ —
6 3
o am
= Ind + 1 —
2

log [%j] =-log (=)

We can construct many different branches of the multivalued logarithm function that are

continuous and differentiable except at points along any preassigned ray fre™: r-0] |f we
let = denote a real fixed number and choose the value of ©¢argiz) that lies in the
range “@«<&=o+zx  then the function 19% (z) defined by

logy (2] = lnr + 1@

where z=ze®#0 and e<fsa+27 jsa single-valued branch of the logarithm function. The

branch cut for 199x (2} s the ray {re™: £= 0} and each point along this ray is a point of
discontinuity of lada (2) | Because =xp (lode(z)]) =z we conclude that the
mapping =124z (2] s a one-to-one mapping of the domain |21 =0 onto the horizontal
strip {w: o<In(w) zo+2m} |Jf o<c<d<a+zm then the function ¥=100z(2) maps the
set D={re™: D<a<r«b, adc<8<d} gne-to-one and onto the
rectangle R={u+1%: Ina=<u<lnb, amd c<w=d} Figure 5.4 shows the mapping = logs: (2)

, Its branch cut {re’®: r-0} , the set D, and its image R.
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Figure 5.4 The branch = 10dx (2) of the logarithm.

We can easily compute the derivative of any branch of the multivalued logarithm. For a
particular branch W= loga (z) for z=te”«0 and =<E=u+Zx (note the strict inequality for &
), we start with z=exp (w) in Equations and differentiate both sides to get

d

l= —=
d=

d
— exp (logy (2])
dz

d
eXp [(logy (2]) — logy (=)
d=z

dl (zl
g — log, (=
dz "

d
. ~1 .
Solving for dz o (2) gives

d 1
Elﬂ';ﬁ:c':z:' =E1 for for z=uaieae|:l1and Qe GEa+ 2T

The Riemann surface for the multivalued function w=1ea (21 js similar to the one we
presented for the square root function. However, it requires infinitely many copies of the z plane
cut along the negative x axis, which we label # for ¥ = .. -n, .. -1L 0.1 ..n .. Now, we
stack these cut planes directly on each other so that the corresponding points have the same
position. We join the sheet #xt2 %1 as follows. For each integer k, the edge of the sheet #x in
the upper half-plane is joined to the edge of the sheet “x+1 in the lower half-plane. The Riemann
surface for the domain of 12z} looks like a spiral staircase that extends upward on the
sheets “1 “: - and downward on the sheets % % - as shown in Figure . We use polar
coordinates for z on each sheet. For “x, we use

T = rmi‘9'=r [coz8 + A3inG) , where

r=1]z| gnd Z7k-m«Bfzm+imk
Again, for =x, the correct branch of leg (2} on each sheet IS
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log(z) = Inr+ 18  where

r=1]z| gnd Z7k-m«Bzm+imk

an

n

Figure The Riemann surface for the mapping ¥=1log (=),
12.7 Linear fractional transformation
Bilinear Transformations - Mobius Transformations

Another important class of elementary mappings was studied by August Ferdinand
Mobius (1790-1868). These mappings are conveniently expressed as the quotient of two linear
expressions and are commonly known as linear fractional or bilinear transformations. They arise
naturally in mapping problems involving the function arctan(z). In this section, we show how
they are used to map a disk one-to-one and onto a half-plane. An important property is that these
transformations are conformal in the entire complex plane except at one point.

Let =arb,c, amdd denote four complex constants with the restriction that 24+ ¢, Then the
function

az + h
w=3 (2] =

cz + d

is called a bilinear transformation, aM®obius transformation, or alinear fractional
transformation.

If the expression for S(z) is multiplied through by the quantity =z + 4, then the resulting
expression has the bilinear form

cwEZ-az+dw-hb =0

We collect terms involving z and write z (ew -a) = -dw +b  Then, for values of

a
Wi —
c

the inverse transformation is given by
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-dw + b

cCw - a

z=5"0 [ =

We can extend 3 (z) and 37 (w) to mappings in the extended complex plane. The
value % (=) should be chosen to equal the limit of = (=3 as z-—=_ Therefore we define

a+ 2 a

. . o
() = lim 3 (=) = lim = —
mye S . | c

=

. st (2 ae . :
and the inverse is (c] . Similarly, the value 57 (=) js  obtained by

-d+ &
57 () = Lin 5 () = lim w o Z%

waw g - L C

mw

-4
) . oA|l—] == . .
and the inverse is [.:] . With these extensions we conclude that the

transformation @=<(z) is a one-to-one mapping of the extended complex z-plane onto the
extended complex w-plane.

We now show that a bilinear transformation carries the class of circles and lines onto itself.

If S(z)is an arbitrary bilinear transformation .c=0, thenS(z) reduces to a linear
transformation, which carries lines onto lines and circles onto circles. If ©# 0 then we can

write S(z) in the form
az + h
3(z) =

cz + d

claz + b

cicz+d)

acz + be

clicz+d)

acz +ad-ad+be

clcz+d)

alfcz+d) —-ad + b
c (o= +d)

bec - ad 1

C cz + d

a
= — +
c

The condition =24 # k& precludes the possibility that S(z) reduces to a constant. Now

S(z) can be considered as a composition of functions.
1

It is a linear mapping ¢ = =z + 4 followed by the reciprocal transformation Z , followed
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a beo - ad
= — +

by TG o . In above we showed that each function in this composition maps the
class of circles and lines onto itself; it follows that the bilinear transformation S(z) has this
property. A half-plane can be considered to be a family of parallel lines and a disk as a family of
circles. Therefore we conclude that a bilinear transformation maps the class of half-planes and
disks onto itself. Example 10.3 illustrates this idea.

i(l - z)
W=53(2l 2 —8 —— oy
Example Show that 1+z  mapstheunitdisk I: 1zl <1 one-to-one and onto

the upper half-plane Im (w) =10

Solution. We first consider the unit circle ©: Iz1=1_"which forms the boundary of the disk

and find its image in the w plane.
S [z) = -tz + 1
If we write z+1 | then we see that a=-1 b=1 c=1 gnd d=1,

we find that the inverse is given by

z=S“l(wj|= -dw + b ) -(lyw + (1) _ -wW o+ 1
CW - a [L1w - (-3 W+ 4o
-+ 1

If I=z1=1 then the above Equation satisfy | ErEs | = Wwhich yields the equation
W+ | = [-w+d|.

Squaring both sides of above Equation , we obtain

|u+iv + 3| = |-u-4v + 1|

[u+t(l+v) |8 = J-u+snil-w |t

108



wWaeilewm? o cwite 1-wt
e ilem? = uls (1-wF

(lew? = (Lot

¥ &

le2w+yw = 1-Z2wa+w
4w = 0
v o= 0

which is the equation of the u axis in the w plane.

The circle C divides the z plane into two portions, and its image is the u axis, which divides

the w plane into two portions. The image of the point ==10 js w=3 (1) =1 5o we expect that
the interior of the circle Cis mapped onto the portion of the w plane that lies above

the u axis. To show that this outcome is true, we let 1=z 1 <1, Hence the image values must
satisfy the inequality | -w+2| < [w+ 2] whichwe write as

dp = |w-2] = |w-(-2) ] =d;

If we interpret d1 as the distance from wto 1 and d: as the distance from w12 -1 then a

geometric argument shows that the image point w must lie in the upper half-plane Im (w) =0 as
shown in Figure 10.5. As S(z) is one-to-one and onto in the extended complex plane, it follows

that S(z) maps the disk onto the half-plane.

.‘.
T:: =i
w
«’<)=D‘ =1
i:._ =—i

Wy =1i

oL
_ wo 2 -2 _ _ _
image Izl <1 under 1+z , thepoints =zZi=-%, 2z=1, Z: =1 gre mapped

onto the points W =-1, w: =0, w: =1 respectively.

The general formula for a bilinear transformation (Equation appears to involve four
independent coefficients: 2. b, =.andd  But as S(z) is not identically constant, either 2#0
or c#0U we can express the transformation with three unknown coefficients and write either

5(z) = —— 5z) = ——F
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respectively. Doing so permits us to determine a unique a bilinear transformation if three distinct
image values = (zi1) =wi =~ Hi(z¢g) =w: gnd < (z:) =w: are specified. To determine such a
mapping, we can conveniently use an implicit formula involving z and w.

Theorem (The Implicit Formula). There exists a unique bilinear transformation that maps three
distinct points 21, 2z, and 2:  onto three distinct points w1, w:, and w: | respectively. An implicit

formula for the mapping IS given by the equation
(2 - 21) (2x - 24) _ (W - W) (W — W)
(2 - 22) (2x - 21) (W - Wl (W - Wy

Example Construct  the  bilinear  transformation w = S(z) that maps the

points Zi=-1, Z: =1, Z: =1 onto the points ™. =-1, w: =0, w =1 respectively.

Solution. We use the implicit formula

g - -yl -3y Gw- (-Lpyd- 1
(2 - a) (1 - (-1)) fw - 1) (0 - (-11]

(z +3) (1-4)  (w+1)(0-1)
(z — ) (1L + 1)  (w- 1) (0 + 1)
(Z+1)(l—1)_ wa+ 1

(z - @) (1 +1)  -wa+l

Expanding this equation, collecting terms involving w and zw on the left and then simplify.

fz - 2 (1 + 2) (w+1) = (= + 3 (1 —-2)i-wa+ 13

(le ) zw+ (L-i)ws+(l+ 23z + (1l- 1)

(-l+ R zw + (-1l- B)wa+(l- A)z + (l+ 1)
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ZW+ LEZW +

W-1W+z+ Lz +1-1

—EW4+ LEZW -W- AW+Z-1L= + 1+ 1

2EW+ 2W = -21F + 21
ZW+ W = -1z + 1
wil+2) = A (l-2)
il - z)
) .y .. wo= 32 _
Therefore the desired bilinear transformation is l+z
Example Find  the bilinear  transformation w =

points Zi=-2, Zz=-1-13, zZ;=0 ontothe points m=-1, w=0, w=1

¥

Solution. Again, we use the implicit formula, Equation , and write

fr - (=111 (0 - 1)
(o —1) (0 - (-11)

[z - (=21) ((-1-13) - 0]

fz -0 (0-1-21 - (-21)

(z +2) (-1-1) (w+ 13 (-1)
(2) (-1-1 +2) (w - 13 (1)
Z+2 =1-1 _ l +uw
z 1-1  l-w
Using the fact that
-l-i 1
1-1 i,
Z o+ 2 _ 1l +w
we rewrite this equation as iz l-w

S(z) that
respectively.

the
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We now expand the equation and obtain

[z + 21 (1 - wm 1=l +w)

T+ Z-ZW-2W 1z + 1=zw

Z -1z + 2 ZW + LzZW + 2W

[l-a)1z + & wWiz+Lez + 2

(lodlz + 2 wi((l +1) = + 2)

which can be solved for w in terms of 2z giving the desired solution
(l-11z + 2

R ez,

We let D be a region in the z plane that is bounded by either a circle or a straight line C. We
further let 2. z:, andz: be three distinct points that lie on C and have the property that an
observer moving along C from zitez: through 2: finds the region D to be on the left. IfCisa
circle and D is the interior of C, then we say that Cis positively oriented. Conversely, the
ordered triple (zx =z z:) uniquely determines a region that lies to the left of C.

We let G be a region in the w plane that is bounded by either a circle of a straight line K. We
further let wu w:, andw: he three distinct points that lie on Ksuch that an observer moving
along K from witew: through ": finds the region Gto be on the left. Because a bilinear
transformation is a conformal mapping that maps the class of circles and straight lines onto itself,
we can use the implicit formula to construct a bilinear transformation =% (=) that is a one-to-
one mapping of D onto G.

[l-41= + 2
. ow=S(z)s ———— _
Example . Show that the mapping (1+a)z + 2 maps the disk D¢ lz+1] =1
one-to-one and onto the upper half plane Im (wi =10

’
<
SR
(TSRS
....l.a.'?g%w»:: ]

fiz
i

)

iy
=

Al

LR
LOS
‘\‘:‘&

2
ol
-‘:é‘gf

Ny,
H

Solution. For convenience, we choose the ordered triple z1=-2, 2¢=-1-13, 2:=0_ which
gives the circle t: lz+11=1 3 positive orientation and the disk D a left orientation. From
Example 10.5, the corresponding image points are
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W o= F(21) B-21 = -1,

Wy = SI:Zz) SI:—l—]].j = D,

Wy = 5 [23] I = 1.

Because the ordered triple of points ™ =-1, w: =0, w =1 ' |je on the u axis, it follows that the

image of circleCis theuaxis. The points w1 =-1, w: =0, w:=1 gjve the upper half-
(L-d)z + 2
W= 5 (Zj =

plane G: Im(w =0 g3 left  orientation. Therefore (L+2) =z + 2 maps  the
disk D onto the upper half-plane G. To check our work, we choose a point z: that lies in D and
find the half-plane in which its image, ¥ lies. The choice =i=-1 yields W = 5 (Z0) =1
. Hence the upper half-plane is the correct image. This situation is illustrated in Figure 10.6.

A
Ly w=58(z) Wy =i
—
X u
g =-2 =1 =0 wy=—1 wi=0 wy=1
1—i T—i —i
n=-l-i
A
(l-1)z + 2
: - L w=E(E) s ———
Figure The bilinear mapping (l+i)z + 2

Corollary (The Implicit Formula with a point at Infinity). In equation the point at infinity
can be introduced as one of the prescribed points in either the z plane or the w plane.

[z - 23] _ (Zp - =] _
Proof. Case 1. If Z:==« then we can write [(Z - Z: (2 - ) and substitute this
[z - Z1) (Z; - =) _ [ - ) (W — Wy
expressionto  obtain (2 - =) (2z - 21) tw-w:) (v -w)  which can be rewritten

[z - 21) (2 - =) (W - W) (W — Wy

as (Zx - zZ1) (2 - =) tw - wy) (e - W) and simplifies to obtain

Z-% (W - W) (W - W)
Zp - 21 (W - wy)] (W - W)
(e - Wyl _ (g - =)
Case 2. If w: == then we can write (W - ) (w - =) and substitute this expression
to obtain
(2 - 2] (Zy -2Zz)  (W-w) (W - =)
[z - 23] (2 - 21) (W - ) (W — W)

which can be rewritten as
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(2 - 23] [Zg - Zz) (W -] (W - =)

(2 - 23) (Zp - 21) (W — W) (W - @)

and simplifies to obtain

(2 - 21) [Zg - Zx)  W-1

(2 - 2z (2 - 21) Wy - Wy

Above equation is sometimes used to map the crescent-shaped region that lies between the
tangent circles onto an infinite strip.

Example Find the bilinear transformation =3 (2) that maps the crescent-shaped region that
lies inside the disk I': 1z-21 < 2 and outside the circle |2-11=1 onto a horizontal strip.

Solution. For ~ convenience  we  choose zi=4%4 z:=2+21, z:=0 gnd the image
values w1=0, w: =1, w == regpectively. The ordered triple =z1=-4 z:=2+21, z; =0 gjves
the circle t: lz-21==2 @ positive orientation and the disk T': lz-21 <=2 has a left
orientation. The image points w1=0, w: =1, w: == g|| lie on the extended u axis, and they
determine a left orientation for the upper half-plane Im () =0  Therefore we can use the
second implicit formula to write

(2 - 4) (2 +24 - 0) w-0

(2 - 0) (2 +21 - 4 _l—IZI,

which determines a mapping of the disk T': Iz-21 =2 onto the upper half-plane Iu (w) =10
. Use the fact that
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2+ 21

R |
-2 + 21

to simplify the preceding equation and get

z -4 2+ 21 z -4
z -2 + 21 z

oy o T1Z 1
which can be written in the form B

A straightforward calculation shows that the points Z:+=1-1. z:=2, z:=1+31 gre mapped onto

the points
Wy = 5(24) = S(l-1) = -Z+1,
we = d(Zg) = F (2] = 1A,
Wg = 5 (2g) = S(l+d) = 2+,

respectively. The points Ws=-2+1, ws =1, wz=2+1 |je on the horizontal line Im (W =1 in
the upper half-plane. Therefore the crescent-shaped region is mapped onto the horizontal
strip 9= Im(m <1 3sshown in Figure 10.7.

¥ v

. =242
k) 2 . . .
wy==2+1 Wy =1 Weg=2+1i

Zg=1+i w=25(z) |

-iz + 14
. } W=35(2) = ——
Figure The mapping

COMPLEX INTEGRATION

Line integral in the complex plane
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Def. Complex line integral. Let C be a rectifiable curve (i.e. a curve of finite length) joining
points a and b in the complex plane and let f(z) be a complex-valued function of a complex
variable z, continuous at all points on C. Subdivide C into n segments by means of points a = z,
Z1, ..., Zn = b selected arbitrarily along the curve. On each segment joining zx.; to zx choose a
point & i . Form the sum

Su = Z.f.{atjf:j L) = Z,?'{E_.; JAz,
k=1 k=1

Let A be the length of the longest chord Azy. Let the number of subdivisions n approach infinity
in such a way that the length of the longest chord approaches zero. The sum S, will then
approach a limit which does not depend on the mode of subdivision and is called the line integral
of f(z) from a to b along the curve:

[} f(2)dz = limy_ T2, f(§)Az

Let f be a continuous complex-valued function of a complex variable, and let C be a smooth
curve in the complex plane parametrized by

Z(t) = x(t) + 1 y(t) for t varying between a and b.
Then the complex line integral of f over C is given by

b
fﬂﬂ#=fﬂﬂmfmﬁ
L o

Note that the "smooth" condition guarantees that Z is continuous and, hence, that the integral
exists.

Properties of line integrals

If f(z) and g(z) are integrable along curve C, then

L [{f@+s@ = [ f2d: + | g(2)dz

2. qu'{:] dz = c‘j{__f'(z) dz  where cis any constant
3, f:f(;} dz = —[:f'{z)dz

4, rf'(z) 7z = J-” flz)dz +J-I_Jf'(z} dz where points a, g, b are on C
a a i

5. |[Lf@dd < m

where [f(z)] = M (i.e. M is an upper bound of [f(z)] on C) and L is the length of C.(ML
INEQUALITY)
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6.

[f@dd < [1£
o 8

Connection between real and complex line integrals. Real and complex line integrals are
connected by the following theorem.

Theorem . If f(z) = u(x, y) +i v(X, y) = u + iv, the complex integral 1) can be expressed in terms
of real line integrals as

f;f(z)dz = f:(u + iv)(dx + idy) = ff udx —vdy + i f; vdx + udy
Theorem . Let f(z) be analytic in a simply-connected region R. If a and b are any two points in R
and F'(z) = f(z), then

[f)d= = Fla)-Fb)

Example.

14i [ , ,
2zdz = 2| = (140) - (2%) = 2i+4

(z+2)dz

Example : Evaluate fy where L is the semi circlez = 2e,0 <t <m

Soln: Here z = 2e%,0 <t < m,thendz = 2ie'tdt

j (z+2)dz [ (2¢" +2)
z B 2elt
y 0

e™ 1
:2i<—_——,+1>
l l

=2e™ — 2 + 2imr = —4+ 2in

i T
2ieltdt = 2i j(1 +e et dt = ZiJ(e“ +1)dt
0 0

13.2 Cauchy’s integral theorem

Def. Simply-connected region. A region R is said to be simply-connected if any simple closed
curve which lies in R can be shrunk to a point without leaving R. A region R which is not
simply-connected is said to be multiply-connected. The region shown in Fig. 1-1 is simply-
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connected. The regions shown in Figures 1-2 and 1-3 are multiply-connected.
y

Fig. 1-1

Fig. 1-3 Fig. 1-2

Cauchy’s integral theorem. Let a function f(z) be analytic within and on the boundary
of a region R, either simply or multiply-connected, and let C be the entire boundary of R. Then

b f(2)dz = 0 n

Let a function f(z) be analytic in a simply-connected region R and let C be a closed (not
necessarily simple) curve in R. Then

jﬁﬁ_ f(z)dz = 0

See figure-2

Proof : Fig. 2 .
Let , ¥ denote the real numbers such that # = T + Y. Ley Let A and B be the functions
mapping LR x Rinto R such that f(z) = A(z,y) +iB(z,y). Then
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/ f(z)dz = / f(2)(dz + idy) = / [A(x,y) +iB(x,y)] (dz + idy)

c

= f[A(m,y)da: — B(z,y)dy| +i/[A(a:,y)dy + B(z,y)dz).

¢ & Now, since f(2)is complex-
04 08B
oy Oz’
B  9A

differentiable, &y ~ 0z Let D be the region bounded by C'. Then by Green's theorem,

[ (A, v)de — Ba, v)iy] = fJ (-5 -5%) o

C and similarly,
0A 0B
c D Thus Cauchy's theorem

holds. Proved
Meaning

The Cauchy Integral Theorem guarantees that the integral of a function over a path depends only on the
endpoints of a path, provided the function in question is complex-differentiable in all the areas bounded
by the paths. Indeed, if Py and P> are two paths from A to B, then

[tz [ saz= [ saz=0

[ (z2 4+ 1)dz = 0, where C is the unit circle as the function f(z) = z> + 1
c

Example : ) . e .
P is analytic in C and satis fies cauchy integral theorem.

13.3 Cauchy’s integral formula

Suppose U is an open subset of the complex plane C, f: U — C is a holomorphic function and
the closed disk D = { z : | z — zo| < r} is completely contained inU. Let 7 be the circle forming
the boundary of D. Then for every a in the interior of D:

1 z
2mi Sy z —a
where the contour integral is taken counter-clockwise.

Proof.

By using the Cauchy integral theorem, one can show that the integral over C (or the closed
rectifiable curve) is equal to the same integral taken over an arbitrarily small circle around a.
Since f(z) is continuous, we can choose a circle small enough on which f(z) is arbitrarily close
to f(a). On the other hand, the integral
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1
f( dz = 2mi.
&£ — 1

ver any circle C centered at a. This can be calculated directly via a parametrization (integration
—_— t-t - - -
by substitution) z(t) = @ + € \where 0 <t < 27 and ¢ is the radius of the circle.

Letting ¢ — 0 gives the desired estimate

an sz(_ld — fla Qmj{f )=/ 2,
B E/ ( " (?.)t; fla) ~-€-""i) dt‘
_%LGlf[z[t))s_f[ansdt
< max /() - f(@) 0.
Ex 1:Let
Q(Z)Zﬁ,

and let C be the contour described by |z| = 2 (i.e. the circle of radius 2).

To find the integral of g(z) around the contour C, we need to know the singularities of g(z).
Observe that we can rewrite g as follows:
2

(2) .

) =

9 (z — z1)(z — 22)

where 21 = —1 + i, 2= —1—1.

Thus, g has poles at <1 and Z2. The moduli of these points are less than 2 and thus lie inside the
contour. This integral can be split into two smaller integrals by Cauchy-Goursat theorem; that is,
we can express the integral around the contour as the sum of the integral around
z, and z, where the contour is a small circle around each pole. Call these contours C; around z;
and C, around z,.

Now, each of these smaller integrals can be solved by the Cauchy integral formula, but they first

must be rewritten to apply the theorem.
2

fi(2) = - i -
and now
9(2) = 51_[2
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Since the Cauchy integral theorem says that:

a % dz = 2mi - fl(a.)1

we can evaluate the integral as follows:

2
f( g(z)dz = Md;z omi— L
) 12— 2 21 — &9
Doing likewise for the other contour:
22
fg{Z) - > — zls
2
f( g(z)dz = Md;z Omi—2 .
] Cq £ — Z9 Zp — &

The integral around the original contour C then is the sum of
these two integrals:

ﬁgi»?:)dz:ﬁigmdzjtﬁ?g(z)dz

(A z5
= 2m +
Z1 — Z3 Z3 — &

= 27i(—2)

= —A4mt.

An elementary trick using partial fraction decomposition:
§ oz =§ (1— t 1 )dzzl]—?m'—%riz—:iﬂi
o o

Z2—2Z Z— Zq

13.4 Derivatives of analytic functions

Suppose U is an open subset of the complex plane C, f: U — C is an analytic function which is
also differentiable and the closed disk D = {z : | z - z| < r} is completely contained inU. Let 7 be
the circle forming the boundary of D. Then for every a in the interior of D:

() () — nl f(2) .
f ( ) ﬁ( (z _ ﬂ-)ﬂ'+l d "

21
( For proof refer your text book Advanced engineering mathematics by Erwin Kreyzig )

4_o 2
Example: Evaluate |, %

dz where C is the circle |z+i| =1
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z*—3z2+6
Evaluate f Wdz = T[i(Z4 _ 322 + 6)”{ at z = —l}
= mi[12z%> — 6] {atz=—i} = —18mi

Liouville’s theorem :

The theorem follows from the fact that holomorphic functions are analytic. If f is an entire function,
it can be represented by its Taylor series about 0:

o0
=Y @t
where (by Cauchy' s_integral formula)

f90) 1 f(Q)
K 2miJo, (R 9%

and C, is the circle about 0 of radius r > 0. Suppose f is bounded: i.e. there exists a constant M such
that |f(z) | < M for all z. We can estlmate dlrect

£ (O j'( M j'( M M
|ax| < e f( IC[++1 |d¢| < o Je r&+1| dg| = 2rrk+1 Jo |d¢| = 2m~k+12ﬂr T R

where in the second inequality we have used the fact that |z|=r on the circle C.. But the choice of r in

i, —

the above is an arbitrary positive number. Therefore, letting r tend to infinity (we let r tend to infinity
since f is analytic on the entire plane) gives a, = 0 for all k = 1. Thus f(z) = a, and this proves the
theorem.

Morera's theorem states that a continuous, complex-valued function f defined on
a connected open set D in thecomplex plane that satisfies

jtgf(z) dz =0

for every closed piecewise C* curve | in D must be holomorphic on D.
The assumption of Morera's theorem is equivalent to that f has an antiderivative on D.

The converse of the theorem is not true in general.
Example:
Evaluate fy j—j where y is defined by |z| = d,d > 0

let z=de?, 0 <60 <2m.Thendz = ie'®.
2T ) 2T

1 die' i
NOWfZ—ZdZ:deHZEfe do

14 0 0
-1, 1

— —i2m __ - _ — —

== e 1] d(1 D=0

1 1
Hence the integral of P along the circle y is zero but 2 is not analyticat z=10
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which is the center of y.
If however the function f(z) is assumed to be continuous with in and on the boundary of C,vanishing of

) ¢ f(2)dzwill imply that f(z) is an analytic function in C.

5. Infinite Series, Convergence tests,

5.1 Series : Let (a,) be a sequence of real numbers. Then an expression of the form a; + a; +
as + -+ denoted by ¥7"_; a, , is called a series.

Examples : 1. 27‘;":1% =1+ % + % 4.
. o) 1 1 1
Examples : 2Y7 1 5 =1 + ;+5+
Partial sums : S, =a; + a, + az + ---+a,, is called the nth partial sum of the series Y=, a,,,

5.2 Convergence or Divergence of ¥, a,

If S, = S for some S then we say that the series }.;”_; a,, converges to S. If (S,) does not
converge then we say that the series Y;_; a, diverges.
Examples :

1.7 4 log(”T“) diverges because S, = log(n + 1).
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1
2. Zfﬂ(ﬁ) converges because S, =1 ——— 1.

1—x"
1—x

3. If 0 < x < 1; then the geometric seriesy,,,_; x™ converges to 1_-1m because S, =

Necessary condition for convergence
Theorem 1 : If Y, a,converges then a,, — 0.

Proof : S,y1—S,=a,41 2 S—S=0. m
The condition given in the above result is necessary but not sufficient i.e., it is possible that
a, = 0 and ¥, a, diverges.

Examples :

1. If |x| = 1,then ), x™diverges because a,, » 0.
2. . Yoy sinn diverges because a, » 0.

3. Xn=qlog ("T“)diverges, however, log ("T“) - 0.

Necessary and sufficient condition for convergence
Theorem 2: Suppose a,, = 0 V n. Then Y7, a,, converges if and only if (S,) is bounded above.

Proof : Note that under the hypothesis, (S,,) is an increasing sequence. m
Example : The Harmonic series Z,‘fﬂ% diverges because
Spe =142 444 g2kl 214K
2 4 8 2 2
for all k.
Theorem 3: If Y2, |a,| converges then }:7°_, a,, converges.

Proof : Since };—,|a,|converges the sequence of partial sums of };;|a,| satisfies the Cauchy
criterion. Therefore, the sequence of partial sums of ).)°_, a,, satisfies the Cauchy criterion. m

Remark : Note that ¥,,"_; a,, converges if and only if Xn=p @y converges for any p > 1.

5.3 Tests for Convergence

Let us determine the convergence or the divergence of a series by comparing it to one
whose
behavior is already known.

Theorem 4 : (Comparison test ) Suppose 0 < a,, < b,, for n >k for some k:

1. Then the convergence of ),5—; b,implies the convergence of Y}'7_; a,,.
2. The divergence of ).;°_; a, implies the divergence of Y74 b,,.
Proof : 1. Note that the sequence of partial sums of Y;»—, a,, is bounded. Apply
Theorem 2.
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2.This statement is the contrapositive of (1). m

Examples:
1
(14+n)(14+n) — n(n+ 1)

1. Y- 1( )2) converges because This implies that )4 12

converges

2. Yo g \/_dlverges because :

\/_
3. Y 1—| converges because n2 <n!forn>4:

Problem 1: Let a, = 0: Then show that both the series },,~1 a, and L1z

or diverge together.
Solution : Suppose },~1a, converges. Since 0 <

—.7 < 1 by comparison test Tnm1 =

converges.
SUpPOSe Yys1 T T
therefore

1<1+a, <2 eventually. Hence 0 < 2 > <

- 00and

1+a

Theorem 5 : (Limit Comparison Test) Suppose a,, b, = 0, 0 eventually. Suppose
1. If Le R;L > 0, then both }..°_4 b,, and ).;_; a,, converge or diverge together.
2. 1fLe R;L =0, and Y,5~; b, converges then ).;"_; a,converges.
3.1fL=1and );—, b,diverges then .7, a,diverges.
Proof:
1. Since L >0, choose €> 0, such that L—e > 0. There exists ny such that 0< L —
€ < Z—” < L — e<. Use the comparison test.

n

2. For each € > 0, there exists ny such that 0 <% < eV n>n;y Use the comparison test.

n

3. Given a > 0, there exists n, such that % > a V n > ny. Use the comparison test. m

n

Examples : 1. ¥ ;(1 — nsin %) converges. Take bn= nizin the previous result.

2. Zf;’:l%log(l + %) converges. Take bn= %in the previous result.
Theorem 6 (Cauchy Test or Cauchy condensation test) If a, > 0and a,,1 <a, Vn,
then Y ayconverges if and only if Y5 2€a,« converges.

Proof : Let S, =a; + az + a3 + -+a,and Ty =a; + 2a; + -+2*a
Suppose (Tk) converges. For a fixed n; choose k such that 2 >n. Then
Sp=a;t+a;+az+--+a,
<ap+(az+az).t@n+ -+ ap_)
<a;+2a;+ ---+2ka2k
=T,.

This shows that (Sn) is bounded above; hence (Sn) converges.

Suppose (Sn) converges. For a fixed k; choose n such that n > 2% Then
Sp=a; +a;+az+--+a,
> a1 +a; + (a3 +ay) + - +(agei_y + o+ ayx)

>1 24, +a; + 2ay ... Zk_lazk
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= Tk'
This shows that (Tk) is bounded above; hence (Tk) converges. m

Examples:

1. 2;’;’21% converges if p > 1 and diverges if p <1:

2. Zlem converges if p > 1 and diverges if p <1:

Problem 2: Let a,, = 0and a,,1 < a, Vn and suppose Y a, converges. Show

thatna, - 0 asn — oo,

Solution : By Cauchy condensation test .-, Zkazk converges. Therefore Zkazk -0
and hence 2*"'a . - 0 as k - oo. Let 2 <n < 2!, Then na, < na,x < 2¥*1a, - 0.

2
This implies that na,, » 0 asn — oo.

Theorem 7 (Ratio test) :Consider the series Y.p—q Qp, ap = 0V

1. If |2} < geventually for some 0 < q < 1; then Y7 ;|a,[converges.
2. 1If aZ—:l > 1eventually then ),»—; a, diverges.
Proof:

1. Note that for some N; |a,41] < qla,| Vn = N Therefore, |ay,,| < q*lay| Vp >0
Apply the comparison test.
2. Inthis case |a,| +» 0.

Corollary 1: Suppose a,, # 0V n; and

for some L:
1. IfL < 1then Y,—,|a,|converges.

2.1fL>1then Y,_; a, diverges.
3. If L = 1 we cannot make any conclusion.

dntll - I, for some L.

an

Proof :
1. Note that |1 < L + 12;L eventually. Apply the previous theorem.
> Note that % >L+ Lz;l eventually. Apply the previous theorem.
Examples :

1
1. ¥;i-converges because 1 — 0

n

n n
2. ¥%_, % diverges because %1 = (1 n %) se >1

n! an
3.2 nidiverges and Z;‘;’zlniz converges, however, in both these cases % - 1
Theorem 8: (Root Test ) If0 < a, <x™or 0 < anl/n < x eventually forsome 0 <x<1

then Y.n—,|a,| converges.
Proof : Immediate from the comparison test. m

Corollary 2: Suppose |an|1/n — L for some L: Then

1. IfL<1then Y, -4|a,| converges.
2. IfL>1then};_;a,diverges.
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3. If L =1 we cannot make any conclusion.
Examples

1
D Iy (z g™ converges because a, Yn = Togn 0

! %1<L

()

1 . 1 . 1
3. Xy=i;diverges and 7, —converges, however, in both these cases a, /n > 1.

2
n 1
2. Yrq (1+—n) converges because a, /» =

5.4 Taylor Series and Maclaurin Series

The Taylor series of a real or complex-valued function f(x) that is infinitely differentiable at
a real or complex number a is the power series

F@+E2x-a) + L2 - a2 + L2 (x — ) +
1! 2! 3!
which can be written in the more compact sigma notation as

A
(

n=0— (x —a)"

where n! denotes the factorial of n and £ ™(a) denotes the nth derivative of f evaluated at the
point a. The derivative of order zero off is defined to be f itself and (x — a)° and 0! are both
defined to be 1. When a = 0, the series is also called a Maclaurin series.

Example:
The Maclaurin series for any polynomial is the polynomial itself.
The Maclaurin series for (1 —x)™" is the geometric series

1+x+x*+x3+-
so the Taylor series for x ' ata =1 is

1+(x—1D+@x—-1)2+x—1)°+

By integrating the above Maclaurin series, we find the Maclaurin series for log(1 — x), where
log denotes the natural logarithm:

1 1 1
—x —=x?—-x3—>xt— ..
2 3 4

and the corresponding Taylor series for log(x) ata=1is

—x— (- DE - (x -1 - (x - 1)* -

and more generally, the corresponding Taylor series for log(x) at some a = X is:

log(xo) + — (x — Xo) + (x —x0)* +

The Taylor series for the exponential function ¢* at a =0 is

1+x+x+x+x+ = Y=o
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The above expansion holds because the derivative of e* with respect to x is also e*and
e® equals 1. This leaves the terms (x — 0)" in the numerator and n! in the denominator for each
term in the infinite sum.

Laurent series and Residues

6.1 What is a Laurent series?

The Laurent series is a representation of a complex function f(z) as a series. Unlike the Taylor
series which expresses f(z) as a series of terms with non-negative powers of z, a Laurent series
includes terms with negative powers. A consequence of this is that a Laurent series may be used
in cases where a Taylor expansion is not possible.

6.2 Calculating the Laurent series expansion

To calculate the Laurent series we use the standard and modified geometric series which are

1 ﬁ:o ZTI.’ |Z| < 1!
1z {zog:lzin lz| > 1.
Here f(z) = i is analytic everywhere apart from the singularity at z = 1. Above are the

expansions for f in the regions inside and outside the circle of radius 1, centered on z = 0, where
|z| < 1 is the region inside the circle and |z| > 1 is the region outside the circle.

Example-1:

Determine the Laurent series for

f@=—

z+5

1)

that are valid in the regions
(i) {z:|z| <5}, and (ii){z:|z| > 5}.
Solution

The region (i) is an open disk inside a circle of radius 5, centered on z = 0, and the region (ii) is
an open annulus outside a circle of radius 5, centered on z = 0. To make the series expansion
easier to calculate we can manipulate our f(z) into a form similar to the series expansion shown
in equation (1).
1
So, = 7
f&) = 5(1+ 5~ 50-(-D)
Now using the standard and modlfled geometric series, equation (1), we can calculate that
low (—2z\"
¥eo(F), led<s,
f(Z) - ( (__)) = 1 0 1

- = =177 |Z|>5.
G

Hence, for part (i) the serles expan5|on |s

= COt D
f(Z)—SZ Z =Y o k<5,

n=0
which is a Taylor series. And for part (||) the series expansion is
o 1 1@y (175" w (=pnsn-1
f(Z)—__ n=1,_ n=__ n=1 Zn = - n=1 Zn ) |Z|>5

& °

5

Example 2.

For the following function f determine the Laurent series that is valid within the stated region R.
f(2) = R={z1<|z—-1| <3}

Z(Z+2)
Solution
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The region R is an open annulus between circles of radius 1 and 3, centered on z=1.We
want a series expansion about z=1;to do this we make a substitution w = z — 1 and look
for the expansion in w where 1 < |w| < 3. In terms of w

&= w3y
To make the series expansion easier to calculate we can manipulate our f(z) into a form
similar to the series expansion shown in equation (1). To do this we will split the function
using partial fractions, and then manipulate each of the fractions into a form based on
equation (1), so we get

1 1y 1 1 1
(w+1)_0v+$>_§ OV_04)_3@*(%¥»

Using the the standard and modified geometric series, equation (1), we can calculate
that

F@ =5

1 {zz‘;o(—w)n=z;°=o<—1>"(w>n, wl <1,

) |-Sp——= -3, S | >1
=t w)n =ty ’
and
1 _ 1o -w\" _ 1 w (D"w _\© (—D)"w"
3(1—(%)) - {5 n=0 (T) - 32”=° 3n =Xn=0 3n+1
(1v ~wA\" ITxo (=1)™W? = (=1)"w™
2.5 =3 L e s
1 .y n=0 n=0 n=0
— -_— [0/0) (o] _1
3<1_ _W> _lz 1 __lz(—?,)n_ (=1)"3"
(3) 3 (j)n_ 3 Wn - Wn ) |W|>3
\ n=1 3 n=1 n=1

We require the expansion in w where 1 < |w| < 3, s0 we use the expansions for |w| > 1
and |w| < 3, which we can substitute back into our f(z) in partial fraction form to get

f(2) = 2 w)n o 3n+l 2 (w)n + 3n+l
n=1 n=0 n=1 n=0
Substituting back in w = z — 1, we get the Laurent series, valid within the region

1<|z-1|<3,

1[_ v CD (—1)"wn]_ 1[ DN (—1)nwn]

f(2) =3[
6.2 Singularities
Def. A point z = a is called a singularity of a function f (z) if f is not differentiable at z = a.
Examples 1

(a) f (z) =e**; a

O f@=-1""; a

D" | g EDME-D"
AR |

( 3n+1

0
1
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(c) f(z) =tan z a= @/
Classification of the Singularity a of f
depends on the Laurent Series of f about a, i.e.,

f(2)=Y ¢ (z-a) .

i) a is called a Removable singularity if
c,=0 foralln<0

Example 2:  f(z) = (sin z) /z; a=0.

i) a is called a Essential singularity if
c, =0 for infinitely many n<0

Example3: f(z)=¢*; a=o.

iii) a is called a Simple Pole if
c,#0and c, =0 foralln<-1

Example4: f(Z)=(z-1)"*'; a=1

iv) a is called a Pole of Order m if
c,#0and c,=0 foralln<—-m.

Example5: f(z)=(z—1) °: a=1isa pole of order 5 for the function f.
6.3 Zero of Order m
A point z = a is called a zero of order m of a function f (z) if

fP@=0,j=01...,m-1butf™(@)=0.
Example 6: f(z)=(z—1)°; a=1isa Zero of order 5 for the function f.

Note: If z=ais a zero of order m of a function f (z), thenz =ais a pole of order m for 1/ f

(2).

Test for the Order of a Pole of Rational Functions F(z) =f (z) / g (2)
z = ais apole of order m for F if
i. f(a)=0.
ii.z=ais a zero of order m of f (2).

Exercise: Apply this test to the above examples.

6.4 Residue of f(z) ata Singularityz=a

is defined with the help of the Laurent Series of f about a, i.e.,
if we have

f(z)=> c,(z-a)",
then the number c , is called the Residue of f(z) atz=a.

Notation: “Residue of f (z) atz =a” = Res(f, a).
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Examples
In Examples 1
(a) Res(e** ,0)=3
(b) Res((z—1) 2 1)=0
Note: Res((z—1) % 1) =1
6.5 Method for Finding Res(f, a)
[without Laurent Series]

Case 1: If ais a Simple Pole of f, then

Res(f, a) = Iziig(z—a) f(2).

Example: Res((z-3) (z—1) ' 1)=-2

Case 2: If ais a Pole of order m of f, then

m-1

N S T m
Res(f, a) = (m—1)![“m (z—-a) f(z)].

za dzm*l
Examples:
i.Res((z—1) 2 1)=0 (Check)
ii. Res(((z—3) ' (z—1) ? ,1) =—¥ (Check)
iii. Res((z—3) ' (z—1) 2 ,3) = % (Check)

Note: We can not use this method if a is not a Pole: For example check for Res(e** , 0).

6.6 Residue Theorem
(To Evaluate m f (z)dz where C is a closed path)
C

Conditions:
i. C is a simple path in a simply connected domain D.
ii. f (2) is differentiable on and within C except at a finite number of singularities, say ay, ay, .....,

an within C.
Conclusion:
I f (2)dz = 271y Res(f.a)
C i=1
Examples
1. .[ LZ:O (No singularities within |z|=1/2)
. (2-D(z+2)
1=
2. | % ori(Res(f, =22
.  (2-D(z+2) 9
2

6.7 Evaluation of Real Integrals

27
A.Type 1:  Real Trigonometric Integral I= J. F(cos®,sin0)do
0

Method (Change of variable): C: z=¢€",0<0<2x.

-1 e
Then: dH:E,cosezerZ ,sin¢9=Z Z
iz 2 2

(Note: € =cos@+isind)

Now use Residue Theorem to solve
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27
Example 1: Evaluate J.
0

1 1 dz
Fl=(@z+zY),=@z-z |—.
@ (2< )5 )]Z
do
2-sin@

Solution: i. Use: (a) z=€",0<0<2r.

z—77"

(b) dezg,sinez
iz

2i

I —2dz —2dz
i, | = mzz—4iz—1_@(z—a1)(z—a1) [I]f(z)dz

C

Here: a, = (2—/3)i;a, = (2+/3)i (Onlya, is inside C)

(Res(f,a,)= ggrg{(z—ai)

a.

b.

2z

[ﬁ f (z)dz =27 Res(f,a,) = 5 (Answer)

-2 }: 1 )
(z-a)(z-a,) | i3

B. Important Concepts

Cauchy Principal Value of J f(x)dx:
0 R -~
P.V. if(x)dx:é@aif(x)dx

Note 1: If the integral I f (x)dx converges and its value is A then

© R
A=P.V. J; f (x)dx = m{ f (x)dX .
Note 2: It may happen that
i. The integral [ f (x)dx may diverge

R
i, Lmlf(x)dxexﬂs.
w R
Example: j i diverges but lim I% =0.
. X R~>ocR X
Two Important Results:
Suppose that

i. Cr:z=Re"’,0<6< x, asemicircular path
ii. f (2) = P(2)/Q(z2), P & Q are Polynomials.

Result | : If degree Q > degree P + 2, then
j f (z)dz — 0asR —» .

Cr
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C.

d.

e.

Result 11 :1f degree Q > deqgree P + 1, then

j f (2)e"*dz — 0asR — oo, where & >0.
Cr

(a useful result related to Fourier Transform)

Third Important Result:
Result 111 :Suppose that
I. f has a simple real poleatz=c.

ii.Crz=c+Re"’,0<0<r.
Then J. f(z)dz =i Res(f,c)asr >0

Cr

f f (x)cos xdx = Re j f (x)e"™ dx

I f (x)sin xdx:ImT f (x)e"™ dx

—00

T F (%) dx :%T f (x)dx, if f (x) is even.

—00

o0

B. Type 2: 1= [ f(x)dx

—00

where f =P/Q with degree Q 2 degree P + 2 has

finite number of poles in the complex plane:

Method: Draw a closed path
C = Crt[-R,R]

where Cr: z=Re",0<6< 7, with large R to enclose the poles ay ‘s of f within C,

which are in the upper half of the plane.

Then
R
[ﬁf(z)dz . j f(2)dz + j f (x)dx
C Cr -R
n 0
27 ) Res(f ) 0-asR— .[ f (x)dxJ as R—o0
k=1 %
c dx
Example 2: Evaluatej 5
2 (X +1)°(x°+9)
1
Solution: i. Here f(z2)=
(2) (2> +1)%(z° +9)

ii. Poles of f in the upper half plane:

133



@z=i (Double Pole)
(b)z=3i (Simple Pole)
iii. Calculate the Residues:
Res(f,i):Iimi(z—i)z - __3
i dz (2 +1)%(2*+9) 8%4i
1 1
(22 +1)%(22+9) 8%6i

Res(f,3i) = lim(z—3i)
iv. Note that:
1) [ﬁf(z)dz: j f(z)dz+ j f(x)dX ...... (*)

R

2) [ﬁ f (z)dz = 2zi[Res(f,i)+Res(f,3i)]= 72—”

< 8.6
3) (Ans.) Apply Cauchy Residue Theorem to the Left side of (*). Take the limit as R—o0 in
(*). Then apply Result | to 2™ integral in (*), we get:

r ]5 dx
826 J (X*+D*(x*+9)
C. Type 3: I= f f (x)[cosax or sinax]dx

where f =P/Q (degree Q > degree P + 1) has finite number of poles in the complex plane and a >

0
Method: i. According to (c) above, write | as:

| = Re or Imﬁ f(x)e‘axdx}

—00

ii. Draw a closed path C = Cr+[-R,R]
where Cr: z=Re",0<6< 7, with large R to enclose all poles ay ‘s of f within C.

iii_[ﬁf(z)eiazdz =J f(z)e™dz+ ji f (x)e™dx

| — | —

. i 0JasR <
271 Res(fe™ a) B R
P}

iv. Answer: | =Re or Im“ f(x)e‘axdx}

—00

J‘ f (x)e®dx.J as R—>o0

—0

=Re or |m{2mz Res(f.e‘az,ak)}
k=1

Xsin xdx
(x* +1)(x* +4)

Example 3: Evaluate | :I
0
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. . . . 1%  xsinxdx
Solution: i. Note the integrand is an even function: Therefore, E _[

(x* +1)(x* +4)
iii. Here ,

| = Im(%? f(x)e‘xde

—00

z

where f(2)=-————5——
(z°+1)(z° +4)

iv. Poles of f in the upper half plane:
zZ=1i, z=2i (2 Simple Poles)
iii. Calculate the Residues:
. . ze" N
Res(fe”,i)=lim(z—-i)——————-=—
( )=lim@ =) (2> +D)(z*+4) 6

ze —e?

2 +)(Z%+4) 6

Res(fe”, 2i) = lim(z — 2i)

iv. Note that:
1) []jf(z)e'zdz_ j f (2)e"dz + j f (x)e™dx ... (*)

2) Apply Cauchy Residue Theorem to the Left side of (*). Take the limitas R— oo in (*). Then
apply Result 1 to 2" integral in (*), we get;

j f (x)e"dx = 277i| Res( fe" i) + Res( fe”, 2i) |
(et e?) ix
=2ﬂ|[?—?j 39 (e 1)
4) (Ans.)

o117 xe¥dx T
'-'m{zim}w(e )

D. Type 4: 1= | f(x)dx

—00

where f has a simple pole x=c on the real axis and finite number of complex poles :

Method:
i. Draw a closed path
C=Cr+[-R,-1]-C,+[rR]
where Cg: z=Re",0<6 < 7, with large R to enclose within C all poles ay ‘s of f .
ii. Also, draw another path
Crz=c+re’,0<0<r,
with small r so that not none of the complex poles of f is enclosed between C,and the real axis.
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Cr

-R c-r ¢ c+r R

mf(z)dz = j f(z)dz + j f (x)dx
cn Cq c -R
271y Res(f,a) 0-/as R J’f(x)dx.Jasr—>O,R—>oo
. iii. (Ans.)
+ [ f(z)dz + j f (x)dx
-C, c—r

©

%K—J
—riRes(f,c)dasr—0
J.f(x)dxA as r—0,R—w

| = = 27i ) Res(f.e™ a)+ziRes(f.e¥,c)
k=1
r dx
Example 4: Evaluate | = J 5
2 X(X+4)(x+16)
1
2(z +4)(z° +16)
i. Poles of f in the upper half plane:
z=2i (1 Simple Pole)
ii. Poles of f on the Real Axis:
z=0,-4 (2 Simple Poles)

Solution: Here, f(2)=

iii. Calculate the Residues:
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